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Abstract

Let G be a finite undirected simple graph with chromatic index
χ′(G). For a minimal proper edge coloring ψ : E(G) → {1, 2, ..., χ′(G)}
in G, an edge covering set S is an edge covering coloring set if each
color class in {1, 2, ..., χ′(G)} appears in some edge in S. The edge
cover coloring number of G, denoted by χ′

α(G), is the minimum cardi-
nality taken over all possible edge cover coloring sets and all minimal
proper edge colorings in G. This paper discusses the problem of find-
ing the edge cover coloring number in graphs, particularly for paths,
cycles, complete graphs, wheels, and (n, k)-tadpole graphs.

1 Introduction

Edge colorings are of equal importance as vertex colorings. Among the pop-
ular applications of edge colorings are scheduling of events [1] and generating
course time tables [2]. The concept of edge coverings also catches much atten-
tion in graph theory, since it provides a number of applications. The problem
of finding a minimum vertex or edge covering set, has practical applications
in optimization problems. Finding the minimum number of police officers
to be placed at various street intersections, so that every street is watched,
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is in fact a simple application of graph covering. Graph covering also has
its uses in the computation biochemistry, particularly in single nucleotide
polymorphism (or “SNP”) assembly problems. The relationships between
the given SNPs are summarized by a graph, and conflict between the SNPs
are removed by identifying a minimal vertex covering of the graph [3].

The work of Chaluvaraju, Nandeesh Kumar, and Rusagara [4] combines
the theories of coloring and covering in graphs through the concept of a vertex
cover coloring set, and the vertex cover chromatic number. A vertex cover
coloring set of G is a vertex cover C of G such that there exists a proper
vertex coloring of G using χ(G) colors, and each color class appears in some
vertex of C. The cardinality of the smallest such vertex cover coloring set, is
referred to as the vertex cover chromatic number, denoted by χα(G). Exact
values of χα(G) for some standard graphs were obtained, and relationships
between χα(G) to some graph theoretic parameters were established in [4].

In this paper, we present results on the edge-counterpart of the vertex
cover chromatic number χα(G) introduced in [4], defined by the parameter
χ′
α(G).

2 The Edge Cover Coloring Number

Let G be a finite undirected graph with chromatic index χ′(G). An edge

cover coloring set S of G, is an edge covering of G such that for some proper
edge coloring ψ : E(G) → {1, 2, ..., χ′(G)}, each color in {1, 2, ..., χ′(G)}
appears in some edge of S. This definition is illustrated using a minimal
proper edge-coloring of the Petersen graph P shown below.

Figure 1: A 4-edge coloring of the Petersen Graph

The set S1 = {x1y1, x2y2, x3y3, x4y4, x5y5} is an edge covering of P , how-
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ever it is not an edge cover coloring set since the color class 3 does not
appear in some edge of S1. The set S2 = {x1x2, x3x4, x5y5, y1y3, y2y4} is an
edge cover coloring set. Five edges are required to obtain an edge covering
P , and so S2 is an edge cover coloring set with minimum cardinality. We
refer to the minimum cardinality of an edge cover coloring set among all
proper edge-colorings of G, as the edge cover coloring number, denoted by
the parameter χ′

α(G). Thus for the Petersen graph, we have χ′
α(P ) = 5.

It is important to note that ρ(G) ≤ χ′
α(G) since an edge cover coloring

set must be an edge covering. Also, since each of the colors in {1, 2, ..., χ′(G)}
must appear in some edge, it can be deduced that χ′(G) ≤ χ′

α(G).

3 Edge Cover Coloring Numbers of Some

Named Graphs

We discuss the edge cover coloring number of some named graphs, in partic-
ular, paths, cycles, complete graphs, wheels, and tadpole graphs.

Theorem 3.1. If G is a path Pn, then χ
′
α(G) =

⌈

n+1

2

⌉

.

Proof. Suppose that the vertex set of Pn is {v1, v2, ..., vn}, and its edges are
given by ei = vivi+1, where 1 ≤ i ≤ n−1. If ψ(G) : E(G) → {1, 2} is a proper
edge coloring of Pn, then the edges are colored alternately in 1 and 2. Without
loss of generality, let ψ(e1) = 1. If n is even, then ψ(e1) = ψ(en−1) = 1. Thus
the larger edge color class is colored in 1. Note that the set {ei| i is odd} is a
minimum edge cover of Pn, however one edge is required from the edge color
2. Thus consider the set S = {ei| i is odd} ∪ {ej}, where j is even. S is a
minimal edge cover coloring set, and so χ′

α(G) = |S| = n
2
+ 1. If n is odd,

then e1 and en−1 are colored in 1 and 2, respectively. In this case, the two
edge color classes are of equal cardinality. A minimal edge cover coloring set
is S = {ei| i is odd}∪{en−1}. Therefore we have χ

′
α(G) = |S| = n−1

2
+1. The

results for the two cases simplify to χ′
α(G) =

⌈

n+1

2

⌉

. �

Theorem 3.2. If G is a cycle Cn, then χ
′
α(G) =

{

3 if n=3

⌈n+1

2 ⌉ if n≥4

Proof. Let {e1, e2, ..., en} be the edge set of Cn, where two consecutive edges,
and e1, en, are incident. If n is even, then χ′(G) = 2. Color the edges of Cn

with ψ(et) = 1 if t is odd and ψ(et) = 2 otherwise. Each color class has n
2
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edges. Pick one edge color class, say those colored in 1, and pick one edge
from the edges colored in 2, say e2. That is, let S = {ei| i is odd}∪{e2}. This
is a minimal edge cover coloring set with cardinality χ′

α(G) =
n
2
+ 1 = n+2

2
.

If n is odd, then χ′(G) = 3. For n = 3, the edge set of C3 is the only possible
edge cover coloring set and so χ′

α(G) = 3. For n 6= 3, define the proper
edge-coloring ψ : E(G) → {1, 2, 3} as

ψ(ei) =











1 if i = 3k + 1, i 6= n

3 if i = 3k

2 otherwise

Consider the set S = {ei| i is odd}. Note that each color class is repre-
sented in S. Moreover, |S| = n+1

2
, which is also the minimum number of

edges required in any edge covering of G of odd order. Thus S is a minimal
edge cover coloring set, and χ′

α(G) = n+1

2
. The results in these two cases

now give the desired formula for χ′
α(G). �

Theorem 3.3. If G is a complete graphKn, n ≥ 4, then χ′
α(G) =

{

n−1 if n even

n if n odd

Proof. It is well known that for any complete graph, χ′(G) = n − 1 if n
is even, and χ′(G) = n otherwise. Let {v, v1, v2, ..., vn−1} be the vertex set
of Kn. If n is even, consider the edge covering S = {vv1| 1 ≤ i ≤ n − 1}
for some minimal proper edge-coloring ψ of Kn. Since each edge e ∈ S is
incident with the same vertex v, there exists a unique w ∈ {1, 2, ..., n− 1},
such that ψ(e) = w for each e. Thus S is a minimal edge cover coloring set
since |S| = χ′(Kn), and so the result χ′

α(G) = n− 1.

Now suppose n is odd. Every edge of the form e = vvi, 1 ≤ i ≤ n− 1, is
incident with the same vertex v, thus there is a unique w ∈ {1, 2, ..., n} such
that ψ(e) = w for each e. Moreover, this set of edges form an edge covering of
Kn. However there is exactly one color class x ∈ {1, 2, ..., n} which does not
appear in any of the edges vvi. Thus consider S = {vvi| 1 ≤ i ≤ n−1}∪{y},
with ψ(y) = x. Now S is a minimal edge cover coloring set with cardinality
|S| = (n− 1) + 1 = n = χ′(Kn). Thus χ

′
α(G) = n. �

Theorem 3.4. If G is a wheel graph of order n+ 1, then χ′
α(G) = n.

Proof. Let v be the central vertex of the wheel graphWn, and suppose the set
of edges {vvi|1 ≤ i ≤ n} are the spokes of Wn. Note that this set of edges is
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an edge covering of Wn. If ψ : E(G) → {1, 2, ..., n} is a minimal proper edge
coloring of Wn, then the set {vvi|1 ≤ i ≤ n} is a minimal edge cover color-
ing set since each of the n colors appear in this set. Thus χ′

α(G) = |S| = n. �

In an (n, k)-tadpole graph, deleting the vertex of degree 3 and its incident
edges forms two paths Pn−1 and Pk. Thus Theorem 3.1 may be utilized to
obtain the general formula for χ′

α(G) of this graph.

Corollary 3.5. If G is the (n, k)-tadpole graph, n ≥ 4, then χ′
α(G) =

⌈

n
2

⌉

+
⌈

k
2

⌉

+ 1.

Proof. Let v be the vertex of degree 3. Assign v1, v2, ..., vk and v, u1, u2, ..., un−1

to be the vertex sequence for the path Pk and cycle Cn, respectively. Color
the edge vv1 with 1, and the edges of the path Pk as follows: ψ(vivi+1) = 2
if i is even, and ψ(vivi+1) = 3 otherwise, where 1 ≤ i ≤ k. Also if n is
even, the edges of the cycle Cn is colored with ψ(uiui+1) = 2 if i is even and
ψ(uiui+1) = 3 otherwise, where 1 ≤ i ≤ n − 2. If Cn has odd order n, then
ψ(un−2un−1) = 1, ψ(un−1v) = 3 and the rest of the edges are colored as 2 or
3 in the same manner as the previous case. The edge coloring ψ is minimal
since the maximum degree is 3.

From Theorem 3.1, a minimal edge cover coloring set of Pk−1 must have
⌈

k
2

⌉

vertices. By deleting the vertex v together with the incident edges,
the path Pn−1 is formed. By Theorem 3.1, a minimal edge cover coloring
set for Pn−1 requires

⌈

n
2

⌉

vertices. Thus to construct a minimal edge cover
coloring set for the (n, k)-tadpole graph, choose all edges from the minimal
edge cover coloring sets from Pk−1, Pn−1, and the edge vv1. This implies the
desired result: χ′

α(G) =
⌈

n
2

⌉

+
⌈

k
2

⌉

+ 1. �

4 Conclusion

The edge cover coloring number problem was tackled for paths, cycles, com-
plete graphs, wheels and (n, k)-tadpole graphs. The problem can be explored
further for larger and more complex graphs, as well as graphs resulting from
standard graph theoretic operations.
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