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Abstract

In this paper, we introduce a new bivariate count distribution,
called the Bivariate Extended Poisson distribution of type 3 (BEP3
distribution), constructed using the trivariate reduction method, which
is widely used in the statistical literature to model positive depen-
dence between discrete variables. This distribution accommodates
both overdispersion or underdispersion and strictly positive depen-
dence between two count variables. We study its main theoretical
properties and estimate its parameters using the maximum likelihood
method, based on an Expectation-Maximization (EM) algorithm. We
compare the goodness-of-fit of the new distribution to that of other
bivariate models for count data on two real-world datasets. The BEP3
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distribution was found to provide a better fit than some of the models
considered.

1 Introduction

The bivariate Poisson distribution, derived from the univariate Poisson dis-
tribution, is a classical model for the study of correlated count data [15].
Several forms of this distribution can be found in the statistical literature,
constructed using various methods depending on the type of dependence de-
sired (negative, zero, or positive) [13]. A well-known form offers a simple
formulation in which the dependence between the two variables is positive
and induced by a common latent component, often referred to as the com-
mon variable model [11, 14]. However, its flexibility remains limited in certain
applications due to structural constraints, particularly when modeling data
exhibiting overdispersion or underdispersion [23].

To overcome these limitations, several alternative distributions have been
proposed, such as the bivariate generalized Poisson distribution [9], the bi-
variate Poisson-Lindley distribution [8], and the bivariate Katz distribution
[5]. The bivariate extended Poisson (BEP) distribution, derived from the
univariate extended Poisson distribution introduced by [6], constitutes one
of the most promising alternatives to the bivariate Poisson distribution, par-
ticularly for modeling overdispersed or underdispersed data.

Recent studies have introduced two distinct types of BEP distributions
to enhance the modeling flexibility of bivariate count data. For example, [2]
proposed the type 1 BEP distribution, obtained by multiplying the extended
Poisson (EP) marginals by a dependence factor, following a method inspired
by [16]. This construction retains flexible EP marginals (allowing under or
over-dispersion) and permits negative, zero or positive correlation via a sin-
gle parameter, yet the multiplicative form imposes positivity constraints that
bound the attainable correlation and restrict the shape of dependence. Sub-
sequently, [19] developed the type 2 BEP distribution using the conditional
marginal approach, explicitly introduced by [1] and used by [7]. It preserves
EP flexibility while offering a regression like structure Y5 | Y7 that integrates
covariates naturally and yields interpretable dependence, although the in-
duced dependence is asymmetric (non-exchangeable) and, as with type 1,
the magnitude of correlation remains bounded, which can complicate esti-
mation and calibration in practice.

In this work, we propose a third version of the bivariate extended Poisson
(BEP3) distribution, based on the trivariate reduction method [11]. This ap-
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proach models dependence by introducing a common latent variable, which
is added to each of the marginal count variables, each following a univariate
extended Poisson (EP) distribution. However, a limitation of this method is
that it can generate only positive correlation, which may restrict its applica-
bility in contexts where negative or zero dependence is observed.

The remainder of this article is organized as follows. In Section 2, we
review univariate extended Poisson distribution. Section 3 is devoted to
the construction of the BEP3 distribution using the trivariate reduction ap-
proach, detailing its probability mass function and marginal distributions.
We study its properties, in particular, the joints probability and moment
generating functions, factorial moments and ordinary moments. In Section
4, we estimate the parameters of the BEP3 distribution using the maximum
likelihood method, implemented via the EM algorithm [4]. Finally, in Sec-
tion 5, we compare the goodness-of-fit of the BEP3 distribution relative to
the bivariate Poisson distribution as well as to the BEP1 and BEP2 distri-
butions, on two real-world datasets: healthcare demand in Australia [11, 14]
and soccer [17]. The model selection is performed using Akaike’s information
criterion (AIC) and Bayesian information criterion (BIC); the model with the
lowest AIC and BIC values is considered the best fit for the data.

2 Review of extended Poisson (EP) distribu-
tion

The univariate extended Poisson distribution, introduced by [6], is an exten-
sion of the classical Poisson distribution for modeling over- or under-dispersed
count data (variance greater than or less than the mean). Its probability mass
function (PMF) is defined as follows:

1—e?

£
Y -1(%—1), ify=1,2,...

if y=20,

PY =y)= with 6 > 0 and 8 > 6.

y! B
(2.1)

The PMF of the univariate extended Poisson distribution can also be written
as, see [18]:

do(y)
o 1 1-e
PY =y) = ! (% _ 1) 3 [—(@ - f) 6—9] L (22
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where

0 else

wi={ g e '

is the Dirac delta function at 0.
In [6], the probability generating function (PGF) of a random variable Y is
given by

1+ (Bt —1)e%t1

/8 Y
And the moment generating function (MGF) is given by My (s) = Gy(e®).
We deduce the factorial moments of order r > 1

Gy(t) =E(t") =

It < 1. (2.3)

(B—1)0" +rBor"
B

where Y =Y (Y —1)--- (Y —r+1).
And then the ordinary moments via Stirling numbers of the second kind
S(r, k) [20]

1
u) =E[Yi)] = —ro 4+ (1-5)e, 24

B

m) =E(Y") =" S(rk) p, (2.5)
k=0
avec
1 @ k
_ 1\ ki r <k<r).
S(r.k) = 4 jz:;( 1) <j)] (rkeN, 0<k<r)
In particular,
1
E(Y)=1+ (1 - 3>9 (2.6)

and
B2+ B0+ 5 —0)
B2 ’

This distribution is highly flexible and adapts well to real discrete data
where the variance differs significantly from the mean. Unlike the classical
Poisson distribution, it can account for both overdispersion and underdisper-
sion, depending on the range of the parameter values [2].

0(
_ (Y ) (Y)\2 _
Var(Y) = py” + ppyy” — (:“[1] ) =

(2.7)
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3 Construction of the BEP3 distribution

In this section, we propose the third type of bivariate extended Poisson dis-
tribution, which we denote BEP3 distribution. It is constructed using the
trivariate reduction approach, more commonly called the latent variable sum-
mation method used by [11, 14] to construct the bivariate Poisson distribu-
tion. Essentially, it links two discrete variables through an underlying latent
variable.

3.1 Probability mass function

Definition 3.1. Let Xy, X5 and U be three independent univariate extended
Poisson random variables with parameters (01, B1), (02, B2) and (0, ), re-
spectively. We construct two new variables

Y, =X, + U and Yo = Xo + U. (3.8)

The random pair (Y1, Ys) follows a BEPS3 distribution of the parameters vector
A = (01,04,0, 51, Ba, B) whose PMF frpps is

fBEP3(Y1,y2; A) = P(Y1 = 41, Y2 = 1),

with

t

P(leylayzzyz):ZP(Xl:yl—l)P(Xzzyz—l)P(U:l)

=0

and t=min(y;,y2), with 5; > 0; (j =1,2) and 5 > 6.

Parameters 60, 05, and 0 correspond to the marginal and shared compo-
nents of the latent Poisson structure, while 31, 55, and  capture overdisper-
sion or underdispersion effects in the BEP3 distribution.

Proposition 3.2. The joint distribution of the random variables Y1 and Y5
15 given by

9?/1 9?/2
fBEP3(y17y2§A) = (ﬁe_é)l) (ﬁe_(’Q) X h(yl,y2;A), (3-9)
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where

h(yb Y2; A)

with
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5;266 K%yl B 1) (g_j?h - 1) (1 ;_69_6) N
:}—mm—m»(%@h—o_l)(%@&_0_1)X
B, @) o (0/016s)

(# Q 2 (i)

{(%@m—yﬁ—l)(l;i%)}%ﬁ)x

{(ﬁ—ll(yl — o) — 1) (1 ;_3;92) }%(t) (%t — 1)] (3.10)
(—yih = { é_l)l(y?i!l)! ;ﬁe <y

is the Pocchammer symbol and 0,,(t) Dirac function aty; (i =1,2). Since
h(y1,y2; A) # 1 in general, this confirms that Yy and Yy are dependent.

Proof.

PYr =y, Y2 = y»)

t

>

=0
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where,
A (—1)'y2! (6/616,)"
h(yl,y27A B 51525 Z yz - l) I
do(y1—1)
(%@h—w—l) s x
' (—l(y - 1) e
th
do(y2—1)
B2 1—ef
(e—(w —1) - 1) 3 X
2 (1) s
0
So(1)
( ) ( l— 1) e ?
-1
= A A+ A
5152 z; 51525 ot Z 'F

This is calculated as follows

g
Ay = (?11?/1—1) (gjw—l) (1 e_i )>

§Al = t:zl(—yl)l(—m)l (g—ll(m —1)— 1) (gj( yo — 1) — 1) (gl _ 1) %}92)1

w= ot G (w1 ()}

X {(%(yl —Y2) — 1) <1 ;_(;_92) }%(t) <§t — 1) ;

we are assured of the result. O




1064 C. G. Louzayadio et al.

Corollary 3.3. We have the following result

fBEP3(y17y2§A> = h(y17y2;A> X fBP(y17y2; 917‘92) (3-11)

Expression 3.11 shows that the BEP3 distribution is a member of the
family of bivariate Poisson distributions[1].

3.2 Marginal distributions

For i € {1,2}, since Y; = X; + U, where (X1, X5,U) are mutually indepen-
dent, the marginal distribution of Y; is the convolution of the distributions
of X; and U. Thus, for y; € N (i=1,2),

We can write
Yi
P(Y; =y;) =Y for(y: — 105, 8:) frm(l; 0, 8). (3.12)
=0

Noting fgp(k; 0, 5) as the probability mass function of the extended Poisson
distribution EP(6, 3).

3.3 Fundamental statistical properties
The joint probability generating function (PGF) of the BEP3 distribution is
given by
Gyiv(tita) = E(4)'t3?) = E (t717027Y)
— E()E(R)E [(mz)ﬂ (by i.id of X;, (i =1,2) and U)
_ <1+(51t1 — 1)691@1—1)) (1+ (Bata — 1)692@2—1)) y
B B2

<1 + (Btity — 1) 6€(t1t2_1))
3 .

The joint moment generating function (MGF) is defined as

My, v, (51, 52) = Gy v, (€7, €%) = Mx, (51) Mx,(s2) My(s1 + s2).
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From the convolution formula for falling factorials, the marginal factorial
moments are derived.

o) (T 0 o)
M —Z<k) Mg Pty (0=1,2).

k=0

The ordinary marginal moments are given by

ZS (r k) (i=1,2).

Using the identity [10]

k=0
and [3, 22]
min(k,£)
kN[ ¢
ug g = Y (m) (m) Uk g
m=0

we obtain the joint factorial moments, for r1,79 > 0,

He - (11 o R RN (¢ )

1, 2 1 2

=35 () ()t S (B) (L) e
k=0 ¢=0 m=0

where all ,uf'}) refer to those of the EPD (see formula 2.4).
The ordinary joint moments are obtained from this by

1 72

) = 355500 S0 )5

=0 7=0

It follows that the expectations, variances, covariance, and correlation coef-
ficient are respectively given by

E(Y;) =2+ (1 - %)92-—1— (1 - %)9 (i=1,2)

0:(67 + Bi0; + 6; — 0;)  0(B*+ B0+ 5 —0)
72 " 2

Var(Y;) =
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Cov i, ¥5) = Var(ur) = T EIZ0)

and

Var(U)
/Var(Y;) Var(Y;)

P(1,Y2) =

4 Parameters estimation

In this subsection, we present the estimation for the parameter vector A =
(01,04,0, 1, Ba, B) of the BEP3 distribution using the maximum likelihood
(ML) method based on the EM (Expectation-Maximization) algorithm [4].
Let (Y1, Yo, Z;) be a sample of size n of random variables such that: Y;; =
Xyi + U;, Yoy = Xo; + U and Z; = U; (latent variable), where (Xy;, Xo;, U;)
is a sample of n independent random variables X7, X, and U, each following
an univariate extended Poisson distribution of parameters (01, 1), (02, 52)
and (6, ) respectively. The joint mass function of (Y7, Y3, Z) is written:

PMi=y,Ya=y,2=2)=P(Xi=y —2)- P(Xo =y, —2)- P(U = 2)

Consequently, the complete log-likelihood function is given by

n

(A) =) | InP(Xy; = yi—2)+In P(Xy = yoi—2)+In P(U; = z;) | (4.13)

i=1
under the conditions yy; > 2z; > 0 and y9; > 2; > O forallt=1,...,n.

The EM algorithm for the BEP3 distribution is composed of two iterative
steps:
Step E (Expectation)

At iteration k, for each observation i = 1, ..., n, we calculate the conditional
expectation of the latent variable Z;:

E [Z; | Yii, Yoi, AP] = 2w (z2) (4.14)

(k)

where the weights w,"’(z) are given by :
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w(k) o) — fEP(ylz Z'GYC)’ﬁfk)) fEP(y2i - Z;eék)ﬁék)) ’ fEP(Z; 9(1@)75(1@))

i (2) = =
Zz’: fyisai) IE P(ylz — 2 91 ) ik)) : fEP(y2z' — 2 Qék)> 5§k)) : f(EP(Z/)§ 9(k)> 5(k))
4.15

with A®) (9%’c ,Qék L) %k), ék), 3% the vector of parameters at itera-
tion k.
Step M (Maximization)

We maximize the expected complete log-likelihood:
AFHY — arg max Q(A|AM) (4.16)
A

with the objective function defined by:

QA | A Zzw ) llog fep(yi — 2; 61, 1) (4.17)

=1 z=0
+log fep(y2i — 2; 62, 52) + log fep(2;0,5)],

where t; = min(Y3;, Ya;).

This maximization is performed numerically by using the optim function in
R’s stats package [21].

Stop criterion

The algorithm is repeated until convergence, determined according to the
following criterion:

[EARHD) — £(AW))
[E(AW)]

where € is a predefined tolerance (typically ¢ = 1079).

<€, (4.18)

5 Applications to real data

In this section, we compare the goodness-of-fit of the BEP3 distribution rela-
tive to the bivariate Poisson (BP) distribution [14] as well as to the BEP1 and
BEP2 distributions [2, 19], on two real-world datasets: healthcare demand
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in Australia [11, 14] and football [17]. The model selection is performed us-
ing Akaike’s information criterion (AIC) and Bayesian information criterion
(BIC), where

AIC =2k -2 and BIC = kin(n) — 2¢,

k is the number of parameters to be estimated and £ is the maximum of the
log likelihood function. The model with the lowest AIC and BIC values is
considered the best fit for the data.

The BP distribution fit is performed using the simple.bp EM R function
from the bivpois R package [14]. For the BEP3 distribution, we developed
and implemented an EM algorithm in R [21]. The parameters of the BEP1
and BEP2 distributions are estimated by direct maximum likelihood, without
using the EM algorithm, as they do not involve latent variables. Conversely,
the BP and BEP3 distributions, which are based on latent variables, are
estimated by maximum likelihood using the EM algorithm.

5.1 Example 1

In accordance with [14], we reexamine the dataset on healthcare demand
in Australia (see Table 1), where Y; denotes the Number of Doctor Con-
sultations and Y5 the Number of Prescribed Medications. These data are
overdispersed and positively correlated; for more details, see [14]. This
dataset is also available in the faraway R package, known as dvisits data.
In Tables 2 and 3, we present the results of estimating the parameters
of the BP(«91, 92, 9), BEPl(Gl, 92, Blu 52, ﬁ), BEP2(¢91, 92, Blu 52, ﬁ), and
BEP3(6,, 62, 0, 1, o, ) distributions, along with their goodness-of-fit on
the dvisits data. In Table 3, the results indicate that the BEP3 distribution
provides a substantially better fit than the BP, BEP1, and BEP2 distri-
butions. In particular, the log-likelihood (¢) for the BEP3 distribution is
considerably higher than that for the BP, BEP1, and BE P2 distributions.
Moreover, both information criteria (AIC and BIC) are systematically lower
for the BEP3 distribution, confirming its improved fit while accounting for
its greater model complexity.

5.2 Example 2

In this example, we draw on the dataset analyzed by [17]: the scores from
26 soccer matches between ACF Fiorentina and Juventus played between
1996 and 2011. Table 4 reports these data, with Y; denoting the number of
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Table 1: Cross-tabulation of dvisits data [11].

[
Yy

Y, 0 1 2 3 4 5 6 7 8
0 2789 726 307 171 76 32 16 15 9
1 224 212 149 & 50 35 13 5 9
2 49 34 38 11 23 7 5 3 4
3 8 10 6 2 1 1 2 00
4 8 8 2 2 3 1 0 00
5 3 3 2 0 1 0 0 0 0
6 2 0 1 3 1 2 2 01
7 1 0 3 2 1 2 1 0 2
8 2 1 1 1 0 1 0 1 0
9 0 0 0 0 0 0 0 01

Table 2: Parameters estimation for BP, BEP1, BEP2 and BE P3 distribu-
tions with dvisits data.

Distributions 91 92 0 51 52 5
BP 0.176 0.737 | 0.126
BEP1 0.196 0.6996 0.239 0.973 2.6
BEP?2 0.173437 | 0.676073 0.207413 | 0.941704 | 0.028
BEP3 0.107 0.578 | 0.046 | 0.117 0.75 0.05

Table 3: Goodness-of-fit of the BP, BEP1, BEP2 and BE P3 distributions
on dvisits data.

Distributions ? AIC BIC
BP —11268.36 | 22542.71 | 22564.46
BEP1 —10997.27 | 22004.53 | 22037.31
BEP2 —11300.92 | 22611.84 | 22644.61
BEP3 —10792.775 | 21585.55 | 21636.88
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Table 4: Cross-tabulation of football data [17].

Y
Y, 01 2 3
0 0 6 0 O
1 1 7 6 1
2 0 0 0 O
3 1 01 2

Table 5: Parameters estimation for BP, BEP1, BEP2 and BE P3 distribu-
tions with football data.
Distributions 91 92 0 51 52 6

BP 0.446 | 0.806 | 0.634
BEP1 0.37 | 0.546 1.38 [ 5334 | 14
BEP?2 0.367 | 0.188 1.349 | 4.131 | 0.755

BEP3 0.171 | 0.081 | 0.11 | 0.309 | 0.717 | 0.172

goals scored by ACF Fiorentina and Y5 the number scored by Juventus. The
same overdispersed dataset was also used by [12] to investigate new classes
of bivariate discrete distributions.

Tables 5 and 6 report the parameter estimates for the BP (61, 65, 0),
BEPl(@l, 92, 61, 62, 6), BEPQ(Ql, 92, 51, 62, 6) and BEPS(Ql, 92, 9, 51, 52, 5) dis-
tributions, together with their goodness-of-fit metrics on the football data.

In Table 6, all variants of the BEP distributions improve the fit compared
to the BP distribution. The BEP2 distribution offers the best overall fit with
a higher log-likelihood and lower AIC/BIC values. The BEP3 distribution
also outperforms the BP and BEP1 distributions with a higher log-likelihood
and lower AIC/BIC values than those of the BP and BEP1 distributions.

Table 6: Goodness-of-fit of the BP, BEP1, BEP2 and BEP3 distributions

on football data.
Distributions 14 AIC BIC
BP —63.361 | 132.723 | 138.459
BEP1 —61.084 | 132.168 | 138.263
BEP2 —56.399 | 122.797 | 128.892
BEP3 —57.183 | 126.366 | 133.679
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6 Conclusion

In this paper, we introduced a new bivariate distribution for count data,
called the Bivariate Extended Poisson distribution of type 3 (BEP3 distri-
bution), constructed using the trivariate reduction method. This approach
makes it possible to model overdispersed or underdispersed and positively
correlated count data. We studied several theoretical properties of the BEP3
distribution, including its joint probability mass function, marginal distri-
butions, probability and moment generating function, moments, covariance
and correlation coefficient. The model parameters were estimated using the
maximum likelihood method via EM algorithm. The proposed distribution
was applied to two reals-world datasets overdispersed: dvisits and football
data. According to the AIC and BIC criteria, based on the dvisits data,
the BEP3 distribution offers the best fit, ahead of the BP, BEP1 and BEP2
distributions. For football data, the BEP2 distribution is the best fit, while
the BEP3 distribution remains superior to the BP and BEP1 distributions.
These results confirm the flexibility and relevance of the BEP3 distribution
for analyzing bivariate, overdispersed and positively correlated count data.

Acknowledgment. The authors would like to thank the editorial team
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