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Abstract

In this paper, we revisit the infinite solutions of the Diophantine
equation a

x+(2a)y = z
2 where a ≡ 3 (mod 16), originally studied by

Rangpung. His work given that the equation has the three forms of
non-negative integer solutions. Our finding exposes additional solu-
tions and gives a better version of his result.

1 Introduction

In [2], Rangpung showed that all solutions of the Diophantine equation

ax + (2a)y = z2 (1.1)

where a ≡ 3 (mod 16) and display them as:
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(i) (x, y, z) = (1, 0,
√
a + 1) with a = 64t2 ± 32t+ 3,

(ii) (x, y, z) = (1, 1,
√
3a) with a = 192t2 ± 48t+ 3, and

(iii) (x, y, z) = (2, 3,
√
8a3 + a2) with a = 512t2 ± 80t+ 3,

where x, y, z are non-negative integers and t is an integer. Unfortunately, the
proof contains an oversight. More precisely, reasoning in Case 9.2 and Case
9.4 is not enough to guarantee that the equation has no non-negative integer
solutions. In this paper, we reveal additional solutions and suggest a better
version of [2, Theorem 3.1]. Throughout this paper, we denote by N and N0

the sets of positive integers and non-negative integers, respectively. We need
the following results.

Lemma 1.1. Let a, x, y ∈ N0 be such that a ≡ 3 (mod 16), x is odd and y

is even. Then

(i) x2 ≡ 1 (mod 4), y2 ≡ 0 (mod 4), ax ≡ 3 (mod 4) and ay ≡ 1 (mod 4).

(ii) x2 ≡ 1, 9 (mod 16), y2 ≡ 0, 4 (mod 16), ax ≡ 3, 11 (mod 16) and
ay ≡ 1, 9 (mod 16).

Lemma 1.2 ([1, Catalan’s conjecture, Mihǎilescu’s theorem]). Let
a, b, x, y ∈ N be such that min{a, b, x, y} ≥ 2. The equation ax − by = 1 has
the unique solution (a, b, x, y) = (3, 2, 2, 3).

Lemma 1.3 (Pythagorean theorem). Let x, y, z ∈ N. Then (x, y, z) with
gcd(x, y, z) = 1 and x2+ y2 = z2 if and only if there are u, v ∈ N with u > v,
gcd(u, v) = 1 and u 6≡ v (mod 2) such that x = u2 − v2, y = 2uv and
z = u2 + v2.

2 Main results

A better version of [2, Theorem 3.1] follows.

Theorem 2.1. The Diophantine equation (1.1) has the following non-negative
integer solutions (x, y, z):

(i) (x, y, z) = (6, 4, 45) with a = 3.

(ii) (x, y, z) = (1, 0, 4t+ 2) with a = 16t2 + 16t+ 3, t ∈ N0.

(iii) (x, y, z) = (1, 1, b) with
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• a = 192t2 + 48t+ 3 and b = 24t+ 3, t ∈ N0;

• a = 192t2 + 336t+ 147 and b = 24t+ 21, t ∈ N0.

(iv) (x, y, z) = (2ℓ, 2ℓ+ κ, aℓb) with

• aκ = 22ℓ+κ−2q2 + q and b = 22ℓ+κ−1q + 1;

• aκ = 22ℓ+κ−2q2 + (22ℓ+κ−1 − 1)q + 22ℓ+κ−2 − 1 and b = 22ℓ+κ−1q +
22ℓ+κ−1 − 1.

where ℓ, κ, q ∈ N0 with ℓ > 0 and κ is odd. In particular, if κ = 1 and
t ∈ N0, then

(a) (x, y, z) = (2, 3, ab) with

• a = 512t2 + 80t+ 3 and b = 64t+ 5;

• a = 512t2 + 944t+ 435 and b = 64t+ 59;

(b) (x, y, z) = (4, 5, a2b) with

• a = 2048t2 + 1264t+ 195 and b = 256t+ 79;

• a = 2048t2 + 2832t+ 979 and b = 256t+ 177;

(c) (x, y, z) = (2ℓ, 2ℓ+ 1, aℓb), where ℓ ≥ 3 with

• a = 22ℓ−1(16t+ 3)2 + 16t+ 3 and b = 22ℓ(16t+ 3) + 1;

• a = 22ℓ−1(16t + 15)2 + (22ℓ − 1)(16t + 15) + 22ℓ−1 − 1 and
b = 22ℓ(16t+ 15) + 22ℓ − 1.

Proof. This result is divided into three cases for x and y.
Case 1. Consider x > y. Then ay (ax−y + 2y) = z2. We know that

gcd(ay, ax−y + 2y) = 1. There are odd z1, z2 ∈ N such that z = z1z2, a
y = z21

and ax−y + 2y = z22 . By Lemma 1.1, we have ay = z21 ≡ 1, 9 (mod 16).
Therefore, y is even. Assume that y = 2i where i ∈ N0. Then

ax−2i + 22i = z22 . (2.2)

Case 1.1. Assume that x is even. Then x = 2j where j ∈ N0 and

(aj−i)2 + (2i)2 = z22 .

Notice that gcd(aj−i, 2i) = 1. By Lemma 1.3, there are u, v ∈ N with u > v,
gcd(u, v) = 1 and u 6≡ v (mod 2) such that aj−i = u2 − v2, 2i = 2uv and
z2 = u2 + v2. It is known that i > 1, u = 2i−1, v = 1, aj−i = 22(i−1) − 1
and z2 = 22(i−1) + 1. If i ≥ 3, then 22(i−1) ≡ 0 (mod 16) and so aj−i ≡ 15
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(mod 16). Which contradicts with Lemma 1.1. This implies that i = 2. Then
aj−2 = 3 and z2 = 5. So, we get a = 3 and j = 3. This means x = 6, y = 4
and z = 32 · 5 = 45. Then (x, y, z) = (6, 4, 45) with a = 3.

Case 1.2. Assume that x is odd. Since a ≡ 3 (mod 16), we have a ≡ 3
(mod 4) and so ax−2i ≡ 3 (mod 4). From (2.2), we have z22 ≡ 3 + 0 ≡ 3
(mod 4) for all i > 0, which is impossible. This implies that y = 2i = 0.
Therefore, z22 − ax = 1 with a ≥ 3 and z2 ≥ 2. By Lemma 1.2, we have
x = 1. That is, z2 = a + 1 and z2 ≡ 4 (mod 16). This implies that z ≡ 2
(mod 4). Setting z = 4t + 2 for t ∈ N0, we get a = 16t2 + 16t + 3. Then
(x, y, z) = (1, 0, 4t+ 2) with a = 16t2 + 16t+ 3.

Case 2. Consider x = y. If x = y = 2k where k ∈ N0, then

a2k
(

1 + 22k
)

= z2. (2.3)

Let gcd(ak, z) = d. Then ak = dr and z = ds, where r, s ∈ N with gcd(r, s) =
1. It follows from (2.3) and gcd(r2, s2) = 1 that r = 1 and 1+22k = s2. Then
1 = s2 − 22k = (s − 2k)(s + 2k). This implies that s = 1 and 2k = 0, which
are impossible. Now, we get x is odd. Since a ≡ 3 (mod 16), we have a ≡ 3
(mod 4) and so ax ≡ 3 (mod 4). Then z2 ≡ 3(1 + 0) ≡ 3 (mod 4) for all
x > 1, which is impossible. This implies that x = y = 1. Therefore, z2 = 3a.
Then 3|z and so z = 3q for q ∈ N. Moreover, a = 3q2. This implies that
q2 ≡ 1 (mod 16) and so q ≡ 1, 7 (mod 8). Setting q = 8t + 1 or q = 8t + 7
where t ∈ N0, we get (x, y, z) = (1, 1, 24t + 3) with a = 192t2 + 48t + 3 and
(x, y, z) = (1, 1, 24t+ 21) with a = 192t2 + 336t+ 147.

Case 3. Consider x < y. Then

ax
(

1 + 2yay−x
)

= z2. (2.4)

Since a ≡ 3 (mod 16), we have a ≡ 3 (mod 4). If x is odd, then ax ≡ 3
(mod 4). Since y > x ≥ 1, we obtain 2y ≡ 0 (mod 4) and so z2 ≡ 3
(mod 4), which is impossible. Assume that x is even. If x = 0, then z2 −
(2a)y = 1 with 2a ≥ 6 and z ≥ 3. By Lemma 1.2, we have y = 1. That
is, z2 = 2a + 1. Since a ≡ 3 (mod 16), we see that z2 = 2a + 1 ≡ 7
(mod 16), this is a contradiction. Then x = 2ℓ where ℓ ∈ N. We know that
gcd(a2ℓ, 1 + 2yay−2ℓ) = 1. From (2.4), there are odd z3, z4 ∈ N such that
z = z3z4, a

2ℓ = z23 and
1 + 2yay−2ℓ = z24 . (2.5)

So we get z3 = aℓ and z = aℓz4. If y is even, then y = 2m where m ∈ N and

1 = z24 − (2mam−ℓ)2 = (z4 − 2mam−ℓ)(z4 + 2mam−ℓ).
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Therefore, z4 = 1 and 2mam−ℓ = 0, which are impossible. This implies that
y is odd. Let y = 2n+ 1 and κ = 2(n− ℓ) + 1, where n ∈ N. From (2.5), we
have

1 + 22n+1aκ = z24 and aκ =
z24 − 1

22n+1
. (2.6)

Then z24 ≡ 1 (mod 22n+1) and so z4 ≡ ±1 (mod 22n). Setting b = z4, we
obtain that there exists q ∈ N0 such that

(aκ, b) = (22ℓ+κ−2q2 + q, 22ℓ+κ−1q + 1),

(aκ, b) = (22ℓ+κ−2q2 + (22ℓ+κ−1 − 1)q + 22ℓ+κ−2 − 1, 22ℓ+κ−1q + 22ℓ+κ−1 − 1).

In particular, consider κ = 1. Then

(a, b) = (22ℓ−1q2+ q, 22ℓq+1), (22ℓ−1q2+(22ℓ− 1)q+22ℓ−1− 1, 22ℓq+22ℓ− 1).

Case 3.1. Consider ℓ = 1. Then x = 2, y = 3, and

(a, b) = (2q2 + q, 4q + 1), (2q2 + 3q + 1, 4q + 3).

Then a = 2q2 + q ≡ 3 (mod 16) if and only if q ≡ 1 (mod 16), and a =
2q2 + 3q + 1 ≡ 3 (mod 16) if and only if q ≡ 14 (mod 16). Hence, (a, b) =
(512t2 + 80t+ 3, 64t+ 5), (512t2 + 944t+ 435, 64t+ 59), where t ∈ N0.

Case 3.2. Consider ℓ = 2. Then x = 4, y = 5, and

(a, b) = (8q2 + q, 16q + 1), (8q2 + 15q + 7, 16q + 15).

Then a = 8q2 + q ≡ 3 (mod 16) if and only if q ≡ 11 (mod 16), and a =
8q2 + 15q + 7 ≡ 3 (mod 16) if and only if q ≡ 4 (mod 16). Hence, (a, b) =
(2048t2 + 2832t + 979, 256t+ 177), (2048t2 + 1264t + 195, 256t+ 79), where
t ∈ N0.

Case 3.3. Consider ℓ ≥ 3. Then a = 22ℓ−1q2 + q ≡ 3 (mod 16) if
and only if q ≡ 3 (mod 16) if and only if q = 16t + 3 where t ∈ N0, and
a = 22ℓ−1q2 + (22ℓ − 1)q + 22ℓ−1 − 1 ≡ 3 (mod 16) if and only if q ≡ 15
(mod 16) if and only if q = 16t+ 15 where t ∈ N0.
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