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Abstract

The Topp-Leone distribution is quite captivating due to its finite
support and multiple shapes for varying parameter values. In this
article, we derive density functions of the sum and the difference of
two independent random variables each distributed as Topp-Leone.
We express these densities in terms of Appell’s first hypergeometric
function F} and Gauss hypergeometric function oF7.

1 Introduction

A random variable X is said to have a Topp-Leone distribution, denoted by
X ~ TL(v; 0), if its pdf is given by

2 v—1 v—1
fTL($;I/,O’):—V<£> <1—£> (2—£) , O<zrx<o<oo. (1)
o \o o o
For 0 < v < 1, the distribution defined by the density (1) is referred to as
the J-shaped distribution by Topp and Leone [9] (also see Nadarajah and
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Kotz [4]). For v > 1, (1) attains different shapes depending on values of
parameters (see Kotz and van Dorp [1]). For ¢ = 1, the density in (1)
reduces to the standard Topp-Leone density and in this case we will write
X ~ TL(v).

Recent years have seen the emergence of numerous research articles that
concentrate on different facets of the Topp-Leone distribution, indicating
that the Top-Leone family of probability distributions has attracted renewed
attention (see Nagar, Zarrazola, and Echeverri-Valencia [6] and references
cited therein). For more recent work, the reader is referred to Saini, Tomer
and Garg [7]. The distributions of the sum and difference of Top-Leone
variables, however, have received comparatively little attention.

In this article, we give distributions of sum and difference of two inde-
pendent random variables having Topp-Leone and beta distributions.

2 Appell’s first hypergeometric function

Appell’s first hypergeometric function is defined in a series form as

Z ? b A b (3
Fi(a, b1, o5 ¢ 21, 22) = ZZ 1+2 i (bo)i 21 25 (1)

e
i1=0 ia=0 Zl+12 1- 02

where |z1] < 1 and |z2| < 1 and the Pochhammer symbol (a), is defined by
(@), =ala+1)---(a+n—-1) = (a)p—1(a+n—1) forn = 1,2,..., with
(a)o = 1. From (1), it follows that

’Ll!

Fi(a,bi,by;c; 21, 20) = Z %Z—l oF1(a + i1, ba; ¢+ 115 22)
g 2F1(a+12,b170+12721>

C)iqy ’LQ.

where 9F) is the Gauss hypergeometric function (Luke [2]). The integral
representation of the Gauss hypergeometric function is given as (Luke [2,
Eq. 3.6(1))),

1 1ta—1(1 o t)c—a—l
o b e o) — 2
Riobies) = gro— [ Tt )

where Re(c) > Re(a) > 0, |arg(1 — 2)| < n. Expanding (1 — 2t)7°, |2t| < 1,
in (2) and integrating with respect to ¢, the series expansion for o F is derived
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as

> a); ijj

Further, writing

(@)irtin ['(c) 1va+i1+i2—1 — )1 dy ofc ola
(irtin F(G)F(c—a)/o (1=v)"* " dv, Re(c)>Re(a) >0
and

< (b:);. )
ZMIG—U%‘)_% vz <1, j=1,2
ij=0 a

in (1), one can derive an integral representation of Appell’s first hypergeo-
metric function of as
I'(c) e (1 —w)e e do
Fi(a, by, by; ¢; 21, ;@
l(a 1,025 C; 21 22) ( )F(C ) /0 (1 — UZl)bl(]_ — UZQ)b2 ( )

where |z1| < 1, |22] < 1, Re(c) > Re(a) > 0. For further results the reader is
referred to Srlvastava and Karlsson [8].

3 Densities of sum and difference

In this section, we give densities of the sum and difference of two independent
random variables each having Topp-Leone distribution.

Theorem 3.1. Let Xy and X5 be independent random variables, X; ~ TL(1;),
it =1,2. Then, the pdf of S = X1 + X5 is derived as
L'(1)L (1)

s) = 2V1+1V v 81/1—1—1/2—1 2_ g vo—1- \"1/-\"2/)
fS( ) 172 ( ) F(l/l—l—l/g)

X (1 —S)Fl vy, —Uq —l—l,—l/2—|—1;1/1 —l—l/g;f,— i
2 2—s

V11/282
v+ vy + 1

for0<s<1, and

fs(s) = d115(2 — 5)3(3 — 5)" ! Z Z (=1 + 1)h(-‘_7/2 + 1)1'(2 _ gy

I'(2i 4+ 2)['(h + 2)
['(2i+h+4)
forl<s<2.

S S
F1 V1+1,—V1+1,—V2+1;V1+V2+2;—,—
2" 2-—s

2
LF) (2¢+2 o 152+ b+ 4 3—8)
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Proof. From Nadarajah [3, p. 90] and Nagar and Ramirez-Vanegas [5, The-
orem 2.1|, the density of S is given by
fofl ) fa(s —t)dt, for 0<s<l,
fsts) =93
P R(s— 1401 —t)dt, for 1<s<2

and therefore in our derivation we consider cases 0 < s < land 1 < s < 2
separately. Using (1), the density of S, for 0 < s < 1, is derived as

fsls) = [ A01fals =)
0
1
=5 [ Al fas(1 - w)) du
0
1
— 2V1+1V11/28V1+V2_1(2 . s)ug—l/ [1 — s+ s2w(1 o w)]
0
vi—1 vo—1
v1—1 1— va—1 (1 o ﬂ) ! (1 Sw ) d )
w1 —w) 5 + Sy w
Now, applying (3), the integral in the above density is evaluated in terms of
Appell’s first hypergeometric function and we get the desired result. Simi-

larly, the density of S, for 1 < s < 2, is obtained as
2—s

fs(s) = fils =14+1)fo(1—t)dt

0

_(2- s)/o Fils =1+ (2= $)w)fo(l — (2 — s)w) duw

= 41y (2 — 5)*(3 — s)”l_l/O w(l —w)[s —1+(2—s)w”™"

92— v1—1

ﬂ] " dw.
3—s

Replacing [s — 1 + (2 — s)w]” " and [1—(2—s)?w?]*>~! by their power series

expansions; namely,

- (252w L+ 2 = syl [1 -

[s— 1+ (2 — s)w]* ™" ZLI)(Q—S) (1—w)"

and
o0

1 S
[1— (2 — s)2w?t Z V2‘|’  5)2ig?

in the above integral and applying (2), one arrives at the desired result. [
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Theorem 3.2. Let X; and X, be independent random variables, X; ~ TL(v;),
1t =1,2. Then, the pdf of D = X; — X5 s obtained as

ﬁwﬂ:2W“mmﬂ+dY”W2+@”*§:t1£FQ%1+@"
n.

n=0
L()(n+2) 1+d 1+d
——|F 1, - 1; 2; ——
Tn+nt2) | T thmethndnts—= o
v1(1+d) 1+d1+d
——=F 1, — 1, — 1;
V1+n+2 1| v+ v + Vo + 1/1—|—n+3 B 2—|—d
for =1 <d <0, and
- D
fD(d>_2u2+1V 1/2(1 d)llg-‘rl vi— 12 1/1+ 1—d>
m=0
L) (m + 2) 1—d 1—d
F 1, — 1; 2; -
F(IJQ—I—m—I—Q) 1| V2, V1+ V2+ 1/2+m+ 2_d, 5
l/g(l—d)

_1/2+m—|—2 2—-d d

for0<d< 1.

1—-d 1—-d
F1<I/2—|—]_,1—l/1,]_ 1/2,1/24—m—|—3 —):|

Proof. Applying Nadarajah [3, p. 90] and Nagar and Ramirez-Vanegas [5,
Theorem 2.1], the density of D is given as

1+df1( t)fo(t —d)dt, for —1<d<0,
fold) = 1-d
o Sild+t)fo(t)dt,  for  0<d<1,

and therefore we consider cases —1 < d < 0 and 0 < d < 1 separately. Using
the Topp-Leone density given in (1), the pdf of D, for —1 < d < 0, is derived
as

14+d

fo(d) = fi(t) fa(t = d) dt

_(1+d) / £1((1 + dyw) fo((1 + dyw — d) duw

1
= 2" (1 +d) (2 + d),,2_1/ w1 = w)[L = (1 + d)uw]
0

[1—(1+d)1—w)]>" [1 - %r—l [1 - %r—l dw.
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Using the power series expansion

va—1 __ - (_V2+1)n n n
[1—(1+d)(1—w)” _;T(Mrd) (1—w)
and applying (3), the above integral is evaluated in terms of Appell’s hyper-
geometric function and we get the desired result. Using (1), the density of
D, for 0 < d < 1, is derived as
1-d

fo(d) = ; fi(d +1t) fo(t)dt
—(1—d) /0 Fild+ (1= dw) fo((1 — dyw) duw
— 21— )2 - /0 w1 - w)[1 — (1 - dyu]

1 (1) —w] 1 %] - %]Wldw.

Now, expanding [1 — (1 —d)(1 — w)]"l_1 in power series,

vi— C (_Vl + 1)m m m
1= (=) —w) =3 AT gy - )
m=0 ’
and evaluating the above integral by using (3), we get the desired expression

for the density. O

Finally, in Theorem 3.3 and Theorem 3.4, we give densities of X;+ X5 and
X1—X5 where X; and X, are independent, X; ~ TL(v) and X5 ~ Bl(a,b). A
random variable X is said to have a beta type 1 distribution with parameters
(a,b), a>0,b >0, denoted as X ~ Bl(a,b), if its p.d.f. is given by

{B(a,b)} 'z 1 —2)"', 0<z<1,

where B(a, 3) = T'(a)I'(8)/T(a+ ).
The proofs of these theorem are similar to those of Theorem 3.1 and
Theorem 3.2 and can be constructed easily.

Theorem 3.3. Let Xy and X5 be independent random variables, X1 ~ TL(v)
and Xo ~ Bl(a,b). Then, the pdf of S = X1 + Xs is obtained as

2V aine= (b A+ 1), - .
Blah) 12%3@,@%)3 [zFl(u,—VH;Hm;E)

m=0

_LSQFl (V+1,—V+1;V—i—m+1;f> , O0<s<1
v+a+m 2
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and
2v (2—8 b+1 1/ li V+]‘ o )hr(b)r(h+2)
B(a,b) — b+ h+2)
9 _
x Fi (b,—u+1,—a+1;b+h+2;—3_2,2—3), 1<s<2.

Theorem 3.4. Let X, and X, be independent random variables, X1 ~ TL(v)
and Xo ~ Bl(a,b). Then, the pdf of D = X1 — X is derived as

‘v i1 N (Y A+ D m L)L+ m)
B(a, b)<1+d> 7nZ_O m! (1+4d) I(v+b+m)
X [217’1 <1/ —v+Lv+b+m; 1%[)

_vi+d) o Fy u+1—u+1u+b+m+1ﬂ , —l<d<0
v+b+m 2

and

2v I/+1 ['(a)l'(m +2)
1—d)* ™ (2—-d)"! (1-d)""=———"——+
B(a,b)< Z ) F(la+m+2)

1—-d
x Fj (a —v+1,-b+1La+m+2; ——

1—-d d<1.
T ) 0<d<
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