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Abstract

In this paper, we characterize congruence co-kernels in a parapseudo-

complemented paradistributive latticoid.

1 Introduction

Bandaru et al. [4] generalized the concept of a distributive lattice by in-
troducing the notion of a Paradistributive Latticoid (PDL) and investigated
its fundamental properties. They also established a subdirect representa-
tion of a PDL. More recently, Bandaru et al. [2] introduced the concept of
parapseudo-complementation in a PDL and explored its elementary proper-
ties. Additionally, they derived necessary conditions for a PDL with a min-
imal element to be parapseudo-complemented and examined the conditions
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under which parapseudo-complementation can be equationally defined. Fur-
thermore, they established a one-to-one correspondence between the set of
all minimal elements and the set of all parapseudo-complementations. Later,
Bandaru et al. [5] introduce the concept of a normal paradistributive latti-
coid and characterized in terms of the prime filters and minimal prime filters.
Also, Ajjarapu et al. [3] studied the concepts of prime filters and minimal
prime filters on a paradistributive latticoid (PDL) and discussed various re-
sults. In addition, they proved that the annihilator filter of a non-empty
subset of a PDL is equal to the intersection of all prime flters not containing
the subset. Furthermore, they explored minimal prime filters and studied
certain results associated with them. Also, they derived some topological
properties of the space of prime filters and minimal prime filters.

In this paper, we characterize the congruence co-kernels in a parapseudo-
complemented PDL.

2 Preliminaries

First, we recall the necessary definitions and results from [4, 2].

Definition 2.1. [4] An algebra (V,∨,∧, 1) of type (2,2,0) is called a Paradis-
tributive Latticoid, abbreviated as PDL, if it assures the subsequent axioms:
(LD∨) ℘1 ∨ (℘2 ∧ ℘3) = (℘1 ∨ ℘2) ∧ (℘1 ∨ ℘3).
(RD∨) (℘1 ∧ ℘2) ∨ ℘3 = (℘1 ∨ ℘3) ∧ (℘2 ∨ ℘3).
(L1) (℘1 ∨ ℘2) ∧ ℘2 = ℘2.
(L2) (℘1 ∨ ℘2) ∧ ℘1 = ℘1.
(L3) ℘1 ∨ (℘1 ∧ ℘2) = ℘1.
(I1) ℘1 ∨ 1 = 1.
for any ℘1, ℘2, ℘3 ∈ V .

For any ℘1, ℘2 ∈ V , we say that ℘1 is less than or equal to ℘2 and write
℘1 ≤ ℘2 if ℘1 ∧ ℘2 = ℘1 or equivalently ℘1 ∨ ℘2 = ℘2 and it can be easily
observed that ≤ is a partial order on V . The element 1, in Definition 2.1, is
called the greatest element.

Lemma 2.2. [4] Let (V,∨,∧, 1) be a PDL. Then for any ℘1, ℘2, ℘3, ℘4 ∈ V ,
we have the following:
(1) 1L ∧ ℘1 = ℘1.
(2) ℘1 ∧ 1L = ℘1.
(3) 1L ∨ ℘1 = 1L.
(4) (℘1 ∨ ℘2) ∧ ℘3 = (℘1 ∧ ℘3) ∨ (℘2 ∧ ℘3).
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(5) ℘1 ∨ (℘2 ∧ ℘3) = ℘1 ∨ (℘3 ∧ ℘2).
(6) The operation ∨ is associative in V i.e., ℘1 ∨ (℘2 ∨ ℘3) = (℘1 ∨ ℘2)∨ ℘3.
(7) The set V⊺1 = {℘1 ∈ V | ⊺1 ≤ ℘1} = {⊺1 ∨ ℘1 | ℘1 ∈ V } is a distributive
lattice under induced operations ∨ and ∧ with ⊺1 as its least element.
(8) ℘4 ∨ {℘1 ∧ (℘2 ∧ ℘3)} = ℘4 ∨ {(℘1 ∧ ℘2) ∧ ℘3}.
(9) ℘1 ∨ (℘2 ∨ ℘3) = ℘1 ∨ (℘3 ∨ ℘2).
(10) ℘1 ∨ ℘2 = 1 if and only if ℘2 ∨ ℘1 = 1.
(11) ℘1 ∧ ℘2 = ℘2 ∧ ℘1 whenever ℘1 ∨ ℘2 = 1.

Let V be a PDL. Then, an element ⊺1 ∈ V is said to be a minimal element
if for any u ∈ V , u ≤ ⊺1 ⇒ u = ⊺1.

Lemma 2.3. [4] Let V be a PDL. Then, for any ⊺1 ∈ V, the following are
equivalent:
(1). ⊺1 is minimal
(2). ℘1 ∧ ⊺1 = ⊺1 for all ℘1 ∈ V

(3). ℘1 ∨ ⊺1 = ℘1 for all ℘1 ∈ V .

Definition 2.4. [4] A non-empty subset F of a PDL V is said to be a filter
if it satisfies the following:

℘1, ℘2 ∈ F ⇒ ℘1 ∧ ℘2 ∈ F.

℘1 ∈ F, ⊺1 ∈ V ⇒ ⊺1 ∨ ℘1 ∈ F.

Theorem 2.5. [4] Let S be a non-empty subset of V . Then

[S) = {℘1 ∨ (
n

∧
i=1

si) | si ∈ S, ℘1 ∈ V, 1L ≤ i ≤ n and n is a positive integer }

is the smallest filter of V containing S.

Lemma 2.6. [4] Let V be a VDL and F be a filter of V . Then for any
℘1, ℘2 ∈ V , we have the following:
(1) [℘1) = {~1 ∨ ℘1 | ~1 ∈ V }.
(2) ℘1 ∈ [℘2) if and only if ℘1 = ℘1 ∨ ℘2 for all ℘1, ℘2 ∈ V .
(3) ℘1 ∨ ℘2 ∈ F if and only if ℘2 ∨ ℘1 ∈ F .
(4) [℘1 ∨ ℘2) = [℘2 ∨ ℘1).
(5) [℘1 ∧ ℘2) = [℘2 ∧ ℘1) = [℘1) ∨ [℘2).

Definition 2.7. [2] Let (V,∨,∧, 1) be a Paradistributive Latticoid (PDL)
and consider a unary operation denoted as ~1 7→ ~1

� on V . This opera-
tion is called a parapseudo-complementation on V if it satisfies the following
conditions:
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(1) If ~1 ∨ ~2 = 1, then ~1 ∨ ~2
� = ~1.

(2) ~1 ∨ ~1
� = 1.

(3) (~1 ∧ ~2)
� = ~1

� ∨ ~2
�.

If there is no ambiguity about the parapseudo-complementation on a PDL
V , we can say that V is a parapseudo-complemented PDL (PPDL).

3 Characterization of Congruence Co-Kernels

In this section, we give different sets of equations which characterize the
parapseudo-complementation on a PDL. That is, a parapseudo-complementation
on a PDL is equationally definable. We also define the co-kernel of a congru-
ence on a PDL and characterize the congruence co-kernels in a parapseudo-
complemented PDL. First, we begin with the following.

Lemma 3.1. Let V be a PDL and � a parapseudo-complementation on V .
Then, for any a, b ∈ V, the following hold:
(i) (⊺1 ∨ ⊺2)

� = (⊺2 ∨ ⊺1)
�

(ii) (⊺1 ∧ ⊺2)
� = (⊺2 ∧ ⊺1)

�

Proof. Let ⊺1, ⊺2 ∈ V. Then
(i) (⊺1∨⊺2)

� = (⊺1∨⊺2)
��� = (⊺��

1 ∨⊺��
2 )� = (⊺��

2 ∨⊺��
1 )� = (⊺2∨⊺1)

��� =
(⊺2 ∨ ⊺1)

�.

(ii) (⊺1 ∧ ⊺2)
� = ⊺�

1 ∨ ⊺�
2 = ⊺�

2 ∨ ⊺�
1 = (⊺2 ∧ ⊺1)

�.

The following theorem shows that the parapseudo-complementation on a
PDL is equationally definable.

Theorem 3.2. [2] A unary operation � on a PDL V is a parapseudo-complementation
on V if and only if it satisfies the following equations:
(1) ⊺1 ∨ ⊺�

1 = 1
(2) ⊺1 ∧ ⊺��

1 = ⊺��
1

(3) (⊺1 ∧ ⊺2)
� = ⊺�

1 ∨ ⊺�
2

(4) (⊺1 ∨ ⊺2)
�� = ⊺��

1 ∨ ⊺��
2

(5) ⊺1 ∨ 1� = ⊺1

In the following theorem, we give a different set of equations that char-
acterize a parapseudo-complementation on a PDL.
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Theorem 3.3. [2] A unary operation � on a PDL V is a parapseudo-complementation
on V if and only if it satisfies the following conditions:
(1) ⊺2 ∨ ⊺�

1 = ⊺2 ∨ (⊺1 ∨ ⊺2)
�

(2) ⊺1 ∨ 1� = ⊺1

(3) 1�� = 1
(4) (⊺1 ∧ ⊺2)

� = ⊺�
1 ∨ ⊺�

2

Definition 3.4. [1] A variety ν is termed subtractive if there exists a bi-
nary operation ς(~1, ~2) within ν satisfying the identities ς(~1, ~1) = 1 and
ς(~1, 1) = ~1

Since parapseudo-complementation in a PDL is definable through equa-
tions, the class of parapseudo-complemented PDLs constitutes a variety. This
leads to the following assertion.

Lemma 3.5. The variety of parapseudo-complemented PDLs is subtractive.

Proof. Let ν denote the variety of pseudo-complemented PDLs. Define the
binary term ς(~1, ~2) = ~1∨~2

�. Then, it follows that: ς(~1, ~1) = 1, ς(~1, 1) =
~1. Thus, ν satisfies the conditions for being subtractive.

We use Con(A) to represent the collection of all congruences on an algebra
A.

Definition 3.6. [6] A PDL (V,∨,∧, 1) equipped with a parapseudo-complementation
� is associated with a binary relation R on V . When R is a congruence re-
lation, the set: [1]R = {~1 ∈ V | (~1, 1) ∈ R} is known as a congruence
co-kernel.

Definition 3.7. An algebra A = (A, F ) with a nullary operation 1 is said
to be *permutable at* 1 if for any θ, φ ∈ Con(A), the equality holds: [1]θ◦φ =
[1]φ◦θ. A variety ν is permutable at 1 if every algebra in ν exhibits this prop-
erty.

Lemma 3.8. [6] A variety ν with 1 is permutable at 1 if and only if it is
subtractive.

Lemma 3.9. [6] Let ν be a variety with 1. For any algebra A = (A, F ) in
ν and any binary relation R on A, let θ(R) denote the smallest congruence
on A containing R. The following statements are equivalent:

(a) ν is permutable at 1.
(b) For every algebra A ∈ ν and for every reflexive and compatible relation

R on A, it holds that: [1]R = [1]θ(R), where [1]R = {~1 ∈ A : (~1, 1) ∈ R}.
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Proof. (a) ⇒ (b) : Suppose ν is permutable at 1 and let ς(~1, ~2) be a binary
operation in ν such that ς(~1, ~1) = 1 and ς(~1, 1) = ~1. Given an algebra
A = (A, F ) ∈ ν and a reflexive, compatible relation R on A, we observe that
R−1 and R ◦R are also reflexive and compatible. Then:

(i) If ~1 ∈ [1]R−1 , then (~1, 1) ∈ R−1, implying that (1, ~1) = (ς(~1, ~1), ς(~1, 1)) ∈
R−1. Thus, (~1, 1) ∈ R, meaning ~1 ∈ [1]R, and so [1]R−1 ⊆ [1]R.

(ii) If ~2 ∈ [1]R◦R, there exists ~1 ∈ A such that (~2, ~1) ∈ R and
(~1, 1) ∈ R. Consequently, (~2, 1) = (ς(~2, ς(~1, ~1)), ς(~1, ς(~1, 1))) ∈ R,
which implies ~2 ∈ [1]R, proving that [1]R◦R ⊆ [1]R.

By induction using (i) and (ii), we establish that [1]θ(R) ⊆ [1]R, and since
the reverse inclusion is immediate, (b) follows.

(b) ⇒ (a) : Consider Fν(~1), the free algebra in ν with one free generator
~1, and define the reflexive, compatible relation R generated by (~1, 1). By
assumption, since (1, ~1) ∈ θ(R), it follows that (1, ~1) ∈ R, ensuring the
existence of a binary term ς(~1, ~2) such that 1 = ς(~1, ~1) and ~1 = ς(~1, 1).
By the Lemma 3.8, ν is thus permutable at 1. �

We now proceed to establish the following theorem.

Lemma 3.10. Let (V,∨,∧, 0) be a PDL. Then for any ⊺1, ⊺2, ⊺3 ∈ V, ⊺1 ∨
⊺3 = 1 and ⊺2 ∨ ⊺3 = 1 ⇒ ⊺3 ∨ (⊺1 ∧ ⊺2) = 1.

Proof. Let ⊺1, ⊺2, ⊺3 ∈ V, ⊺1 ∨ ⊺3 = 1 and ⊺2 ∨ ⊺3 = 1. Then ⊺3 ∨ ⊺1 = 1 and
⊺3 ∨ ⊺2 = 1 and hence ⊺3 ∨ (⊺1 ∧ ⊺2) = 1.

The following theorem characterizes the congruence co-kernels in parapseudo-
complemented PDLs.

Theorem 3.11. Let (V,∨,∧, 1) be a PDL and � a parapseudo-complementation
on V and ∅ 6= F ⊆ L. Then F is a co-kernel of some congruence on V if and
only if F satisfies the following conditions:
(i) F is a filter of V
(ii) ~1 ∈ F ⇒ ~1

�� ∈ F

(iii) if ~1, ~2 ∈ F then (~1 ∧ ~2)
�� ∈ F.

Proof. Suppose F = [1]θ for some congruence θ on L. Then it can be directly
verified that F is a filter of L. Now ~1 ∈ F implies that (~1, 1) ∈ θ. Hence
(~1

�, 1�) ∈ θ so that (~1
��, 1��) ∈ θ. Therefore (~1

��, 1) ∈ θ since 1�� = 1.
Thus ~1

�� ∈ F. Now, suppose ~1, ~2 ∈ F. Then (~1, 1), (~2, 1) ∈ θ and hence
(~1

�, 1�), (~2
�, 1�) ∈ θ. Therefore ((~1

� ∨ ~2
�)�, 1) = ((~1

� ∨ ~2
�)�, (1� ∨

1�)�) ∈ θ. Thus (~1
�∨~2

�)� ∈ F and hence, by Definition 2.7(3), (~1∧~2)
�� ∈
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F. Conversely, assume that ∅ 6= F ⊆ L satisfies (i), (ii) and (iii). Define a
binary relation R on L by

(~1, ~2) ∈ R if and only if ~1 ∨ ~2
� ∈ F and ~2 ∨ ~1

� ∈ F.

Clearly, R is reflexive. Now, we prove the compatibility of R.

Let (⊺1, ⊺2) ∈ R. Then ⊺1 ∨ ⊺�
2 ∈ F and ⊺2 ∨ ⊺�

1 ∈ F. Hence, by (ii), (⊺1 ∨
⊺�
2 )

�� ∈ F and (⊺2 ∨ ⊺�
1 )

�� ∈ F . Hence ⊺�
1 ∨ ⊺��

2 ∈ F and ⊺�
2 ∨ ⊺��

1 ∈ F.

Therefore (⊺�
1 , ⊺

�
2 ) ∈ R. Now, let (⊺1, ⊺2) ∈ R and (⊺3, ⊺4) ∈ R. Then

⊺1∨⊺
�
2 ∈ F, ⊺2∨⊺

�
1 ∈ F, ⊺3∨⊺

�
4 ∈ F and ⊺4∨⊺

�
3 ∈ F. Therefore, ⊺1∨⊺

�
2∨⊺

�
4 ∈

F since ⊺�
4 ∨ (⊺1 ∨ ⊺�

2 ) ∈ F by Definition 2.4 and Lemma 2.6(3). Also,
⊺3 ∨ ⊺�

4 ∨ ⊺�
2 ∈ F since ⊺�

2 ∨ (⊺3 ∨ ⊺�
4 ) ∈ F by Definition 2.4 and Lemma

2.6(3). Hence, by Definition 2.7(3) and Definition 2.1(RD ∨),

(⊺1∧⊺3)∨(⊺2∧⊺4)
� = (⊺1∧⊺3)∨(⊺

�
2∨⊺

�
4 ) = (⊺1∨⊺

�
2∨⊺

�
4 )∧(⊺3∨⊺

�
2 ∨⊺

�
4 ) ∈ F.

Similarly, we can prove that (⊺2∧⊺4)∨(⊺1∧⊺3)
� ∈ F. Thus (⊺1∧⊺3, ⊺2∧⊺4) ∈

R. Since ⊺1∨⊺�
2 ∈ F and ⊺3∨⊺�

4 ∈ F , we have, by(iii) and Definition 2.7(3),

((⊺1∨⊺
�
2 )

�∨(⊺3∨⊺
�
4 )

�)� ∈ F and ((⊺2∨⊺
�
1 )

�∨(⊺4∨⊺
�
3 )

�)� ∈ F (A)

It can be easily verified that
(⊺�

4∨⊺3)
�∨(⊺�

2∨⊺1)
�∨⊺1∨⊺3∨⊺

�
2 = 1 and (⊺�

4∨⊺3)
�∨(⊺�

2∨⊺1)
�∨⊺1∨⊺3∨⊺

�
4 =

1.
Hence, by Lemma 3.10, we get

(⊺�
4 ∨ ⊺3)

� ∨ (⊺�
2 ∨ ⊺1)

� ∨ ⊺1 ∨ ⊺3 ∨ (⊺�
2 ∧ ⊺�

4 ) = 1
Now, by Definition 2.7(1), we get
(⊺�

4 ∨⊺3)
�∨ (⊺�

2 ∨⊺1)
�∨⊺1∨⊺3∨ (⊺�

2 ∧⊺�
4 )

� = (⊺�
4 ∨⊺3)

�∨ (⊺�
2 ∨⊺1)

�∨⊺1∨⊺3.

Hence, by Definition 2.7(3), we get
(⊺�

4 ∨⊺3)
�∨(⊺�

2 ∨⊺1)
�∨⊺1∨⊺3∨(⊺��

2 ∨⊺��
4 ) = (⊺�

4 ∨⊺3)
�∨(⊺�

2 ∨⊺1)
�∨⊺1∨⊺3.

Therefore, by Theorem 3.2(4), we get
(⊺�

4 ∨⊺3)
�∨(⊺�

2 ∨⊺1)
�∨⊺1∨⊺3∨(⊺2∨⊺4)

�� = (⊺�
4 ∨⊺3)

�∨(⊺�
2 ∨⊺1)

�∨⊺1∨⊺3.

Since ⊺1 ∨ ⊺2 = 1 when ⊺1 ∨ ⊺�
2 = ⊺1, we have

(⊺�
4 ∨ ⊺3)

� ∨ (⊺�
2 ∨ ⊺1)

� ∨ ⊺1 ∨ ⊺3 ∨ (⊺2 ∨ ⊺4)
� = 1.

Hence, by Lemma 3.1(10), ⊺1 ∨ ⊺3 ∨ (⊺2 ∨ ⊺4)
� ∨ (⊺�

4 ∨ ⊺3)
� ∨ (⊺�

2 ∨ ⊺1)
� = 1.

Thus, by Definition 2.7(1),

⊺1 ∨ ⊺3 ∨ (⊺2 ∨ ⊺4)
� ∨ ((⊺�

4 ∨ ⊺3)
� ∨ (⊺�

2 ∨ ⊺1)
�)� = ⊺1 ∨ ⊺3 ∨ (⊺2 ∨ ⊺4)

�.

Hence, by (A), we get ⊺1 ∨ ⊺3 ∨ (⊺2 ∨ ⊺4)
� ∈ F. Similarly, we can show that

(⊺2 ∨⊺4)∨ (⊺1∨⊺3)
�∧ ∈ F. Thus (⊺1 ∨⊺3, ⊺2 ∨⊺4) ∈ R. Hence, R is reflexive
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and compatible relation on L. Also, if ⊺1 ∈ F then ⊺1 ∨ 1� = ⊺1 ∈ F and
1 ∨ ⊺�

1 = 1 ∈ F. Therefore, (⊺1, 1) ∈ R, and hence ⊺1 ∈ [1]R. If ⊺1 ∈ [1]R
then (⊺1, 1) ∈ R and hence ⊺1 = ⊺1 ∨ 1� ∈ F. Therefore [1]R = F. Hence, by
Lemma 3.9, F = [1]θ(R), which is a congruence co-kernel.
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