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Abstract

We give an upper bound for the modulus of rational functions and
show how it generalizes some well-known inequalities.

1 Introduction

In this paper, we use Ty, = {z € C: |z| = k},D} = {z € C: |2] > k
where k is any positive integer. Let w(z) := [[j_(» —a;) and B(2) :

T (l_a_jz) = Y where aj € Cfor j = 1,2,3,...,n and w*(z) =

Jj=1 \ z—aj w(z)
z"w (2). The product B(z) is called Blaschke product when |B(z)| =1 for

z € T1. Let P,, be the class of all polynomials of degree at most m. We define
Ryn by Ryn = Rpn(ar,as, ... a,) = {Z(é)) :p€ P, and m < n}, where

—
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aj € DY,j=1,2,...,n and m < n. Therefore, R, is the set of all rational
functions with poles aq, ..., a, at most and with finite limit at co. In 2022,
Gulzar, Zargar, and Akhter [1] investigated an upper bound for the modulus
of rational functions.

Theorem 1.1. Ifr(z) € Ry, has a zero of order v at zy with |z9| < 1 and
the remaining n — v zeros lie in Ty U DY, then for = € Ty

mae[1'(2)] < 3 G - EZD B()] + v (1 - \ZSI)] max|r(2)).

z€T z€T

Then, Gupta, Hans, and Mir [2] proved the following Theorem:

Theorem 1.2. If r(z) € Ry, has two zeros of order p and v at zy and z
respectively with |zo| < 1,|z1| < 1 and the remaining m — p — v zeros lie in
Ty U DY, then for z € T}

T /14 20\ (1+ 2]\
/
< —
max|r(z)] < 5 (1— 2] ) \1— |z
1 — |z
oo () v

2 Main Results

|B'(2)| — (n —m) + u (1 - \2o|)

1+ |Zo‘

In this paper, we generalize some inequalities for the modulus of rational
functions. Let us start with a lemma due to Rasri and Phanwan [4].

Lemma 2.1. If 7(z) € Ry, and all the zeros of r(z) lie in T, U D}  k > 1,
then for z € T}

2m —n(1 + k)
1+k

1B/(2)] + Izl

N —

r'(2)] <

Theorem 2.2. Assume r(z) € Ry, has the zero zy of order sy with |29 < k
and the remaining m — sq zeros lie in Ty U D;f k > 1. Then for z € Ty

1/1 0
max [(2)] < & (2317l
e 2 \ T 12]]

2(m —so) —n(l+k)  2sg

B/
|B'(z)|+ 1+ k REERPN

max |r(z)|-
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Proof. Let r(z) = (z — z0)*°h(z) where h(z) is a rational function having all
zeros lying in Tj, U D, k > 1. Differentiation 7(z) with respect to z, we get
7(2) = (2 — 20)*°W (2) + soh(2)(z — 20) " .

Triangle inequality implies that

"(2) < (1 >0 h 1 s h 2.1
max |r'(2)] < (1+[z0])* max |W'(2)] + so(1 + |20)*™ max |h(z)]  (2.1)

for z € Ty. Applying Lemma 2.1 for |h/(2)], the inequality (2.1) yields

max |h(2)]

(m —sp) —n(1 +k)>]

max |r'(2)| < (1 + |2])™ [%<|B’(z)|+ = 1+ &

z€Ty
+ 50(1 + |20] )% max |h(2)]
z€T

< maxeer |r(2)]

for z € T. Since max,en, |h(z)| < T e get

z€Ty 1+k 1+ |ZO| z€Ty

|1 — [0l
for z € T}. The proof is complete. O

Remark 2.3. 1. By letting k = 1,m = n in Theorem 2.2, it reduces to
Theorem 1.1.

2. By letting k =1 in Theorem 2.2, it reduces to Corollary 2.7 of Gupta,
Hans, and Mir [2]

3. By letting so = 0 and k = 1 in Theorem 2.2, it reduces to Corollary 12
of Rasri and Phanwan [3].

Theorem 2.4. Assume r(z) € Ry, has the zero zy of order sy and the zero
2y of order s1 with |zg| < k,|z1| < k and the remaining m — (so + s1) zeros
lie in Ty U D k > 1. Then for z € Ty

max |1 ()] < % (M)SO [|B/(2)‘ N 2(m — sg) —n(1 + k) L 25 ] e [r(2)

280

max r'(2)] < 3 K L+ [z )SO ( il )Sl (\B’(z)\ L 2m—so—s1) —n(l+k)

zeh, 2 I\[T— 2]/ \JL- |z 1+Fk

281 1‘|‘|Zl| o
+ max |7(z)]|.
1+|Zl‘ <|1—‘21H 26T1| ( >|

+
1+‘Z0|

)
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Proof. Let r(2) = (z — 21)%ro(2), where ro(z) = E=202ME) 4nd b(z) be a

w(z)
rational function having all its zeros lying in Ty U D;", k > 1. Differentiating
r(z) with respect to z, we obtain r/(z) = (z — 21)*'7{(2) + s170(2) (2 — 21)** L.
The Triangle Inequality implies that

! < (1 S1 / 1 s1—1
max ['(2)] < (14 [z ])™ max |rg(2)] + s1(1 + |22 max|ro(2)],
for z € T;. Applying Theorem 2.2 for |r{(2)|, we get

(14 |20])%0(1 + |z1])™ 2(m —sp—s1) —n(l+k)

/
<
max [ (z)] <

!
e (e T4k

1 s1—1
+51(1 + |21]) ]ggpf\ro(z)\a

max; ey |r(z)]

for z € T. Since max,ern |70(2)] < T

, we get

z€T1 |1—|Zo|| |1—‘21H 14+ k
280 281 1+ |Zl| )81:|
+— |+ max |7(2
1—|—|zo|) 1+ |z <|1—|zl|| ZETl‘ (2)
for z € T1. Thus the proof is complete. O

Remark 2.5. By letting k = 1 in Theorem 2.4, it reduces to Theorem 1.2.

Theorem 2.6. Assumer,(z) = (Z_Z”)Su(z_z’”*luzz;"'(Z_ZO)SOh(Z) € Ry, where

ro(2) has the zeros zo, z1, ..., 2y, with |z;| < k,k > 1 for 0 <i < wv and h(z)
has all its zeros lying in Ty U D}, k > 1. Then, for 0 <i <wv and z € Ty

1 1 01 i 1 A\
max |7 (2)] < ( +|Z°') < +|Zl') ( +|Z|) 1B(2)
s (\T=l) T = [
2m — s — 51— — ) —n(l+k
N (m — s — s1 s;) —n(l+ )+ So

N 251 <1+\z1|)81'”<1+\zi|)8i
L+ [z1] \ 1 = [z] 1 — |zl

2s 1+ 52 14z \™
L2 ( ‘zﬂ) (&) N
1+ Jzo \ 1 — 2] 11— [z

2s; < 1+ Izi||>5’} max |ry(2)]. (2.2)

+1+|ZZ‘ |1—‘Zi zeTh

max [r'(z)] < % K ] )SO ( Sl )81 (\B’(z)| L 2(m =50 = 51) = n(1 + k)



Generalizations of a bound for the rational functions... 589

Proof. Let r,(z) = (Z_Z“)Sv(Z_Z“*ZZZ;I"'(Z_ZO)SOh(Z), where r,(z) has the zeros

20,215+ -, 2y With |z] < k for 0 < i < v and the remaining n — (so +
$1+ -+ s,) zeros lie in T, U Dk > 1. Let ro(z) = (2 — 20)30% and
r1(z) = (2 — 21)*'ro(2). An upper bound of |r{(2)| is obtained by Theorem
2.2. Using the fact that |ro(2)| < \1‘1,\12(1Z|)|L1’ we get an upper bound of |r1(z)]
as in Theorem 2.4. Let r;(z) = (2 — 2;)%7;_1. We can find an upper bound of

|ri(z)] for 1 < i < v by a similar process using an upper bound of |r,_,(2)|

from the previous process and the fact that |r;_1(2)| < Hl'i‘(;ﬂz for1 <i<w.

Finally, we get inequality (2.2). O
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