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Abstract

In this paper, we define a derivation on an algebraic structure
seminearring S. Moreover, we prove that the partial distributive law
holds on seminearrings using 3-prime strong ideals of S. Furthermore,
we prove that the intersection of 3-prime strong ideals contains the
constant elements of any non-empty subset of S.

1 Introduction

A right seminearring S is a generalized algebraic structure of nearring and
semiring; i.e., S is a semigroup with respect to both the binary operations ‘+’
and ‘-’ and satisfies the right distributive law. The concept of seminearring
was introduced by Hoorn and Rootsellar [6] and the kernel of a seminearring
homomorphism is considered as the ideal of a seminearring. Subsequently,
various authors discussed the results on seminearrings using the generaliza-
tion of this ideal definition. Later, Koppula, Kedukodi and Kuncham [5]
provided an explicit definition of strong ideal of a seminearring. Then they
proved the standard isomorphism theorems on seminearrings.
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Derivation D on a ring R is an additive endomorphism of R satisfying the
rule D(ab) = aD(b) + D(a)b, V a,b € R. Derivations on rings play a sig-
nificant role in different branches of mathematics and has been extensively
studied in the areas of algebraic structures including rings, nearrings, and
semirings. In this paper, we prove results of derivations in seminearirngs.

2 Preliminaries

Definition 2.1. A non-empty set S is a right seminearring, if S is a semi-
group with respect to addition and multiplication and

1. (89 + 83)81 = S281 + S381, Vs1, o, S3 € S.
2.0+8=51+0=s1, Vs €85
3. For all s; € S,0s1 = 0.

Definition 2.2. Let B be any non-empty subset of S. Then, for s;,s9 €
S, s1 =p s if and only if there exist by, by € B such that by +s; = by + ss.

Throughout this paper, S is considered as a right seminearring.
Definition 2.3. [5] A non-empty subset B of S is a strong ideal of S if

1. by + by € B, for all by, by € B.

2. $1+ B C B+ s1,Vs; €8.

3. For s1,89 €S, if s1 =p s9, then s; € B + s5.

4. s1(B+ s3) € B+ sy for all 51,89 € S.

5. Bs; C B for all s; € S.

Definition 2.4. A strong ideal B of S is known as a 3-prime strong, for
r1,x9 € S, if x18109 € B for all s € S, then 21 € B or x5 € B.

Definition 2.5. Let R be aringand r € R. If re =r, V2 € R, then r is
said to be a constant element.

For the basic definitions and results on derivations, we refer the reader to
1, 2, 3].
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3 Derivations

Definition 3.1. Let S be a seminearring and d : S — S. Then d is said to
be a derivation on S, if d is an additive endomorphism and satisfying the
condition d(s182) = s1d(s2) + s9d(sq) for all s1, 9 € S.

Remark 3.2. Let S be a seminearring and a, b, s1, so € S. We assume that
if a+ sy +b=a+ sy +0b, then there exist 3-prime ideals B, k =1,2,3, ...
of S such that s; =qp, so.

The following example shows that the intersection of 3-prime ideals need
not be a trivial ideal always.

Example 3.3. Consider S = {0,a,b,c} with + and - defined as:

+ 0 S1 | S2 | S3 . 0 S1 | S2 | S3
0 0 S1 | S2 | S3 0 0 0 0 0
S1 | $1 0 S3 | So S1 0 0 0 0
So | S2 | S3 0 S1 So | S2 | So | S2 | S2
S3 | S3 | S2 | S1 0 S3 | S3 | S3 | S3 | S3

Here (S, +, -) is a right seminearring and {0, s1}, {0, s1, s2, $3} are 3-prime
strong ideals of S. Hence the intersection of 3-prime strong ideals is {0, s; }.
Observe that B = {0} is a strong ideal of S, and not a 3-prime as s;ss; €
B, VseS, but s; ¢ B.

Proposition 3.4. Let d be an arbitrary additive endomorphism on S and
x1, Ty € S. If d(x129) = x1d(22) + d(x1)x9 and By, k= 1,2,3, ... are 3-prime
strong ideals of S, then d(x1)xs + x1d(x2) =np, 1d(22) + d(21)22.

Proof. Suppose d(x122) = x1d(xs) + d(z1)xe. Now, d((x1 + x1)x2) = (21 +
x1)d(xo) +d(z1 +21) T2 = 21d(22) +21d(22) + d(21 )22 +d(21) 2. Now, d((z1+
21)2x2) = d(x122) + d(x122) = z1d(22) + d(21)22 + 21d(22) + d(21)22. By
Remark 3.2, d(z1)x2 + 21d(22) =np, 1d(22) + d(21)22. O

Proposition 3.5. Let d be any arbitrary derivation on the seminearring S
and let By, k= 1,2,3,... be 3-prime strong ideals of S. Then S satisfies the
partial distributive law.

Proof. We have d((s152)s3) = s152d(s3) + d(s152)s3 = s152d(s3) + [s1d(s2) +
d(s1)s2)s3 = s152d(s3) + s1d(s2)s3+d(s1)s283. Now, d(s1(s953)) = s1d(s2s3)+
d(s1)ses3 = $1(s2d(s3) + d(s2)s3) + d(s1)s253. By associativity, d((s152)s3) =
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d(s1(s253)). Then s159d(s3) + s1d(s2)S3 + d(s1)s2535 = s1(s2d(s3) + d(s2)83) +
d(s1)s2s3. By Remark 3.2, s1(s2d(s3) + d(s2)s3) =np, s152d(s3) + s1d(s2)ss.
]

Proposition 3.6. Let X be any non-empty subset of S, d is any arbitrary
derivation on S and By, k = 1,2,... are 3-prime strong ideals of S. Then
NBj, has the constants of X.

Proof. Let n € X/ N By be a constant element. Then d(n) = d(nn) =
nd(n) + d(n)n = n 4+ d(n)n. Let € S. Then nxzd(n) = nd(n). Consider
d(n)x = (n+d(n)n)x = nx+d(n)nx = n+d(n)n = d(n). Then d(n)x = d(n)
and so d(n) is a constant. Now, d(n) = n 4+ d(n)n = n + d(n). By Remark
3.2, n =np, 0. So, n € NBy, which contradicts n ¢ NBy. O

Definition 3.7. A seminearirng S is said to be a 2 torsion-free if there exist
3-prime ideals By, k =1,2,3,... of S such that x +x € NBy. Then z € NB,.

Example 3.8. The seminearring S from ([5], Example 3.5) is 2-torsion free.

Proposition 3.9. If S is a zero-symmetric and 2-torsion free seminearring,
By, k = 1,2,3,... are 3-prime strong ideals of S and d is any arbitrary
derivation on S such that d?> C NBy, then d C NBy.
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