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Abstract

The graph G represents an undirected, simple, finite graph. G’s
total labeling is a bijection between its vertex and edge sets and the set
{1,2,...,p+ q}, where p and ¢ describe the cardinality of G’s vertex
and edge sets, respectively. In this paper, we explore the concept of
Super Vertex Perfectly Total Antimagic (SVPTAT) labeling in the
context of graph theory, specifically focusing on complete graphs and
complete bipartite graphs K, ;.

We present the conditions for graphs that do not confess vertex-
magic and edge-antimagic at the same time. For any n > 2, the
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Corona product of any graph with mK; and mKs does not accept
vertex-magic and edge-antimagic totals concurrently. Finally, we sug-
gest a couple of open problems for future research.

1 Introduction

Graph labeling assigns integers to a graph’s elements such as its vertices,
edges, or both, subject to specific conditions. Total labeling is the term used
to describe labeling in which the domain consists of vertices and edges. The
total weight of an edge is the sum of the labels of an edge and its terminal
vertices. The total labeling’s vertex weight is calculated by summing the
vertex label with the labels of all adjacent edges. Vertex-magic total labeling
occurs when vertex weights are all constant. A vertex-magic total graph
permits vertex-magic total labeling. If each edge has a distinct weight, the
labeling is edge-antimagic total. An edge-antimagic total graph permits such
labeling.

Researchers developed the notion of edge-antimagic total labeling [8]. In
this paper, we focus on SVPTAT Antimagic Graphs, a particular class of
antimagic graphs. Moreover, we establish conditions under which K,,, ad-
mits SVPTAT labeling for various cases based on the parity and relative sizes
of m and n. Proofs are provided for these cases, alongside explicit labeling
schemes. Some researchers have demonstrated that specific graph types pos-
sess the characteristics of both edge-magic total and vertex-antimagic total,
or vertex-magic total and edge-antimagic total in [3]. For a comprehensive
review of related studies and developments in this area, we refer the readers
to [1, 2, 5, 6, 7, 9, 10, 12]. The concept of an antimagic total (TAT) graph
was presented in [4]. If a label exhibits antimagic properties at both the
edge and the vertex, it receives the designation of TAT. In [11], Swathi et al.
introduced the notion of perfectly antimagic total (PAT) labeling. Perfectly
antimagic total labels refer to antimagic labels, characterized by pairwise
differences in vertex and edge weights.

The following open problem was proposed by Baca, et al. in [4].
Open problem Characterize the graphs that allow a total labeling that is
simultaneously vertex-magic and edge-antimagic.

This paper looks at several graph families, such as path, cycle, and sun
graphs, that exhibit vertex-magic and edge-antimagic total labelings.
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2 Antimagic Graph Labeling through SVP-
TAT of K, and K,,,

This section explores labeling schemes for complete bipartite graphs,K,, .,
analyzing both even and odd cases of m and n, and extends to scenarios
where m # n or m > n.

Theorem 2.1. For every positive integer n > 3, the complete graph K, is
SVPTAT.
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Figure 1: SVPTAT in Kg

Proof. The complete graph kg allows SVPTAT, as shown in Figure 1. K, is

SVPAT for n = 3. For n > 4, at every vertex in K, assign a label 1,2,... n.

Under the vertex labeling established above, we now obtain the weight of all

edges as w(e;) < w(e;), for 1 <i<j < @ At this point, we assign s to
(n+1

e; and t to e;, given that n +1 < s <t < "T) All complete graphs are

SVPAT under this label. O
Theorem 2.2. The complete bipartite graph K,,,, admits SVPTAT.

Proof. Let v; and wu; be the vertices of K,,, and whose edges are {v;u;;1 <
i <m&1<j<n} respectively.
Case (i)m=n=tiseven & m >n,m # n and if m > 2 is even and n > 3
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is odd

Foreachi=1,2,....,mand j =1,2,...,n

f(vi) i

S (u;) t+7
floiu)) = m+n-+i
floug) = 2m+n+i
flouz) = 3m+n+1
flviu;)) = jm+n+i

Figure 2: SVPTAT in K44

wty() = f)+ ) o)

= i+m+n+i+2m+n+i+3Im+n+i
+ mn+n-+1
n(n+1)m

= (n+1)i+n*+ 5

1=1,2,...,mand j=1,2...,n.
All the vertex weights v.s are distinct.



Innovative Perspectives on Antimagic Labeling in Graphs 595

Vertex weight of u;,

wtp(uy) = flug) + Z furvy)

= t4+1+m4+n+l14+....m+n+m

= t+1+m2+nm+w
wty(ug) = flug) + Zm: F(uav;)
i=1
= t+2+2m2+nm+w
Wtf(uj)=t+j+jm2+nm+w

All the vertex weights of u;s are distinct, and all the vertex weights of v; and
u; are pairwise distinct.

Now the edge weights of v;u; are

wtp(viug) = fvi) + fu;) + f(viuy)
= i+t+j+jm+n+i
= 2u+t+jm+n+y

Fori=1,2,...,mand j =1,2...,n, All the edge weights of v;u; are distinct.
Now, the minimum vertex weight

wty(uy) = t+1+m2+nm+w
= m+1+m2+nm+w
Maximum edge weight
wtp(mtiy) = 2m+m—+nm+n+n

3m + 2n +nm

The minimum vertex weight is greater than the maximum edge weight.
Case (ii) m=n=t>3isodd and if m # n
1,3,...,2t — 1 for the vertices v; and 2,4, ...,2t to the vertices u; for each
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1=1,2,...,mand j=1,2,...nif m =n = odd.

1,3,...,2n—1,2n+1, ..., n+m for the vertices v; and 2,4, ..., 2n to the vertices
uj foreach ¢ =1,2,...,mand 7 =1,2,...,nif m # n.

Add the labels of the vertex to obtain the first edge 2t 4+ 1. Determine the
sum of the vertex labels incident with the edge. For the successive v;u; for
each 1 = 2,3, ..., m, Assign the consecutive integers in ascending order if the
same sum of vertex labels to the edges. The complete bipartite graph K5

as shown in figure 3. O
QX\ c \)
Q% (O3, (16, (20,24,28,31,33)
1 3 9 (25,29,32,34,35)
2 4 6 8 10

Figure 3: SVPTAT in K5

3 Coexistence of vertex-magic and edge-antimagic
on Comprehensive Graph Labeling

This section demonstrates several conditions under which a graph may accept
or reject the simultaneous vertex-magic and edge-antimagic total labelings,
as well as some graphs that admit both vertex-magic and edge-antimagic.

Theorem 3.1. For ecvery vertex in G, there may be a maximum of one pen-
dant edge incident to it if the graph is both vertex-magic total and edge-
antimagic total.

Proof. Let G be a vertex-magic and edge-antimagic total graph at a time,
and let its corresponding labeling be g. Assume that the vertex u € V(G) is
adjacent to two vertex x and y of degree one. Since g is edge-antimagic total
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labeling, then

wty(ux) # wty(uy)
g(u) +g(@) + glux) # g(u)+g(y) + g(uy) implies
g(@) +gluz) # g(y)+g(uy)
i.e,wty(x) # wty(y)
which contradicts that ¢ is vertex-magic total labeling. O

Theorem 3.2. For every odd integer n > 3, n #Z 0(mod 3), the path graph
P, is vertex-magic total and edge-antimagic total.

Proof. Define the path graph P,’s total labeling g, for odd integer n > 3,
n # 0(mod 3) by

g(v1) = 2n—1

gv;) = 2i—3, for 2<i<n
{n —1, 118 odd

g(vivip1) = oo
2n —1, 1 1S even

Then the vertex weights are wt,(v;) = 3n — 2
With the weights mentioned above, it is clear that g is vertex-magic.
Now, the edge weights are

wty(v1vy) = 3n—1

3i+n—4, foriisodd

3i+2n—4, foriiseven

U)tg (Uivi—l—l ) = {

g is edge-antimagic with the weights given above. O

Note 3.3. P; doesn’t admit verter magic and edge anti-magic.

Suppose Py admits vertex magic and edge anti-magic labeling 1. Then for
any vertices vy and vs such that have the following contradictive conditions
m P3.

wiy (v1) wiy(v3)
Y(v1) +P(vive) = P(vs) + Y(vavs)
wty(vive) # wty(vavs)
Y(v1) + P(v2) +(vive) # Y(v2) + Y(v3) + P (vavs)
V(o) +(vive) # P(vs) +P(vv3)
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Theorem 3.4. The cycle graph C,, is vertex-magic and edge-antimagic total,
for every odd integer n > 3, n #Z 0(mod 3).

Proof. Let us consider a cycle graph C,,, where n is an odd integer n > 3,
n # 0(mod 3). We define a total labeling g on C,, by

g(vi) = i, for1<i<n

o(vivins) = {%[Zm—i-l—i],iisodd
Vi1) =

s[3n+1—i], iis even

It is evident that, with the aforementioned labeling g, C,, allows for both
vertex-magic and edge-antimagic totals. O

Theorem 3.5. If a graph G consists of a pair of adjacent vertices that are
not adjacent to any other vertices except for a common vertez, then G does
not admit both a vertex-magic and an edge-antimagic total labeling.

Proof. Assume that g is a vertex-magic and edge-antimagic total labeling of
a graph G. Let u and v be the pair of adjacent vertices that are only adjacent
by w. Then

and also
wty(uw) # wty(vw)
g(u) + g(uw) +g(w) # g(v)+g(vw) + g(w)
g9(u) +g(uw) # g(v) +g(vw)
which is contradiction to the fact (3). O

According to the abovementioned theorem, a graph G does not support
both vertex-magic and edge-antimagic total labeling if at least one vertex in
the graph is adjacent to both vertices of K. The following consequence is
evident from the preceding theorem.

Corollary 3.6. The friendship graph does not admit both vertez-magic and
edge-antimagic total labeling.
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3.1 Corona product

The corona of graph G; with graph G,, denoted as G; ® G, is formed by
taking one instance of G5 and m instances of Go, then connecting the j*
vertex of G; with an edge to each vertex in the j** copy of G5, where G has
order m.

Theorem 3.7. For any graph G, the graph G © mKy, for m > 2, does not
admit both vertex-magic total and edge-antimagic total labeling.

Proof. For examplem > 2, the corona product of a graph mK; is a graph
with m pendent edges at each vertex. According to lemma 3.1, G ® mK;
does not accept both vertex magic and edge antimagic for all m > 2. O

Theorem 3.8. The graph G ® Ky does not admit both vertex-magic total
and edge-antimagic total labeling for any graph G.

Proof. The corona product of any graph G with K5 is a graph whose vertex
is incident with K3. This refers to the order of G’s pair of adjacent vertices,
which, aside from a common vertex (the vertices of ), are not adjacent to
any other vertices. According to theorem 3.5, it is not possible for G ® K,
to have both a vertex-magic and an edge-antimagic total labeling. O

Theorem 3.9. For every m > 1, the graph G ©® mKs does not admit both
vertex-magic total and edge-antimagic total labeling for any graph G.

The proof of the theorem follows from theorem 3.8.

A graph known as a m—crown is constructed by connecting each vertex
of a cycle graph with s pendant edges. This can be represented as C,, ©® sK7,
where m = |V(C,,)|. A sun graph is 1—crown graph (C,, ® Kj).

In [7], Irfan and Semanicova-Fenovéikova mentioned the following open
problem.

Open problem For the sun graph Sun(n), n > 3, determine if there exists
a total labeling that is simultaneously vertex-magic total and edge-antimagic
total.

The following statement proves that the sun graph admits these labels.
For examplem > 3, the sun graph C,, ® K is both vertex-magic and edge-
antimagic total.

Define a total labeling ¢ from V(C,, © K1) U E(C,, ® K7) to {1,2,...,4n}
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in the following way:

) = 2i, for 1<i<mn

) = 2n+2

) = 4dn+4—2i, for 2<i<n
g(r1y1) = 4n—1

) = 2n—3+42i, for 2<i<n

) = 2n+1—-2i, for 1<i<n-—1

) = 1.

The vertex weights are then
wty(xq) = wty(z;) = wty(x,) = wty(y1) = wty(y;) =6n+1

As a result, the sun graph C,, ® K, where n > 3, has a vertex-magic labeling
for the total labeling, g. After that, the edge weights are

wty(r1y1) = 6n+3

wty(xy;) = 6n+2i+1, for 2<i<n
(a:lxl“) = 2n+2i+3, for 1<i<n-—1
wty(rnr1) = 2n+3

i.e, The above weights give us

wty(rnr1) < wty(z122) < wig(waws) < -+ - < Wty(Tp_12y)
< wty(T1y1) < wig(ways) < -+ - < wty(zpyn)

Every edge weight is obviously pairwise distinct based on the inequality
above.

4 Conclusion

In this paper, we gave vertex antimagic constants and edge antimagic weights
under the proposed labeling framework. This work contributes to the ongo-
ing study of antimagic graph labeling and offers new insights into graph
structures. We exhibited both vertex-magic total and edge-antimagic total
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12

Figure 4: C5 ® K,

properties simultaneously. Moreover, we presented criteria for a graph lack-
ing vertex-magic total and edge-antimagic total labeling. Furthermore, we
provided a comprehensive labeling of the sun graph that exhibits both vertex-
magic and edge-antimagic properties, addressing an open problem presented
by Irfan et al. [7] in 2016. We conclude our paper by suggesting the following
open problems for consideration in future research.

Open problem 1: For a complete graph K,,, n > 3, determine the coexis-
tence of vertex-magic and edge-antimagic total labeling.

Open Problem 2: For every even integer n > 3, n # 0(mod 3), find the
path graph P, and the cycle C,, that are admitted or not vertex-magic total
and edge-antimagic total.
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