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Alsaffar and Kider [1] introduced the concept of convex normed spaces with
its basic properties. Daher and Kider [2] introduced the concept of con-
vex fuzzy normed spaces with its basic properties.
introduced further properties of the fuzzy complete a-fuzzy normed algebra.
Then, Kider [4] introduced the concept of the convex fuzzy metric space
and proved its basic properties. Eidi, Hameed and Kider [5] introduced the
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Abstract
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2 Convex normed spaces

Definition 2.1. If the function Ag : R — [0, 00) satisfies
(i) Ar(\) € [0,00), Ax(\) =0 <= X =0.
(ii) Ar(N0) = Ar(X) - Ar(9).

(7ii) Ag(A+0) < dAr(A\) + pAg(6). YO < o,pu < 1, witho +p =1 and
VAdeER,

then (R, Ag) is a convex absolute value space (or c-AVS).

Definition 2.2. Let V be an R-space over R, (R, Ag) be a ¢-AVS, and N :
V — [0,00) is a function. If N satisfies:

(1) 0 < N(y) < oo.
(ii) N'(y) = 0 if and only if y = 0.
(iii) N(\y) = Ax(MN(y), YA € R, A # 0.
(iv) N(y+g) <N (y) + N (g), where v,6 € (0,1), y+d=1,Vy,g €V,
then (V,N) is a convex normed space (or c-NS).

Theorem 2.3. If (Vi,N7) and (Va, N3) are two c-NS, then (V,N) is a c-
NS, where V.="V; xVy and N'[(y1,y2)] = YN1(y1) +0N2(y2) for all (y1,y2) €
V, for all v,6 € (0,1) with v+ 3§ = 1.

Definition 2.4. Let (V,N') be a c-NS.

(i) For any y € V, let c — B(y,a) = {v € V: N(y —v) < a}. Then
¢ —B(y, «) is a convex open ball with center y € V and radius o > 0.

(1)) W C 'V is a convex open set (or simply c-0S) if ¢ — B(w,a) C W for
any w € W and for some a > 0.

Definition 2.5. Let (V,N) be ¢-NS. If (yx) € V, then we say that (yx)
is convex convergent to y € V (in notation, u, — u when k — oo) if Ve —
B(y, «) AM such that y, € c-B(y, ), Vk > M where o > 0. This is equivalent
to saying that Yoo > 0 AM € N satisfies N'(yr —y) < «, Yk > M. We also
use the notationa limy_sqo yp = y or lim,, oo N'(yx — y) = 0.

Definition 2.6. If (V,N) is ¢-NS, then
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(i) Y C V is convex bounded (or simply CB) if I\ > 0 such that N (p) < p,
Vp € Y. Otherwise, Y is not CB.

(ii) a sequence (uy) in a c-NS (V,N) is CBif IX > 0 such that N (ug) < A,
Vk € N. Otherwise, (uy) is not CB.

Definition 2.7. Let (V,N) be ¢-NS and let (yx) € V. We say that (y) is
convexr Cauchy in'V if Vo > 0, IM € N such that N (y; —y,) < o, ¥j,p > M.

Definition 2.8. Let (V,N) be ¢-NS. (V,N) is called convex complete if ¥
convex Cauchy sequence (y;) € V, Jy € V, such that yp — y.

Theorem 2.9. If (V,N7) and (Vy, N3) are two ¢-NS, then (V,N) is convex
complete if and only if (Vi,N1) and (Va, N3) are conver complete, where
V =V; x Vy and N[(v1,v2)] = YNi(v1) + 0N2(va) for all (vy,ve) € V where
y+o=1.

Definition 2.10. If (V,Ny) and (Y,Ny) are two ¢-NS, then T : V — Y
is conver continuous at v € V if Vao > 0, 38 > 0, Ny(v —y) < [ implies
Ny[T(v) — T(y)] < o, Vy € Y. If this is true Yo € V, then T is conver
continuous on V.

Theorem 2.11. If (V,Ny) and (Y,Ny) are two ¢-NS, then the operator
T :V =Y is convex continuous at y € V if and only if yp — y € V implies
Tyr) = T(y) €Y.

Theorem 2.12. If (V,Ny) and (Y, Ny) are two c-NS, then (i) = (it) =
(i) The operator T : V — Y is convezr continuous at v € V;
(i1) T-HY) is c-OS in 'V for all c-OS subset Y of Y;

(111) THY) is convex closed in 'V, V convex closed Y C Y.

Definition 2.13. Suppose that (U, Ny) and (V,Ny) are ¢-NS. T : U — V
is convez bounded (or CB) if 3u > 0 and for each y € U, such that

No[T(y)] < pNuly) .. (1)

Notation 2.14. Suppose that (U, Ny) and (V,Ny) are two ¢-NS. Put CB(U,V) =
{T:U —=V:T is a linear CB operator}.

Definition 2.15. Suppose that (U, Ny) and (V,Ny) are two ¢-NS. Define:
Nesww(T) = SUP, ey Ny (Ty), for all T € CB(U,V).
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Remark 2.16. Equation (1) can be written as
Ny[T(y)] < Nepow([T]-NMu(y) ... (2)

Theorem 2.17. If (U, Ny) and (V, Ny) are two ¢-NS, then (CB(U,V), Nepw,v))
s a c-NS.

Proof.
(i) Since 0 < Ny(Ty) < oo with y € U, so 0 < Nepww)(T) < oo.

(ii) Nepww)(T) =0 <= sup,y Ny(Ty) =0 <= Ny(Ty) =0 for all y €
U<«<= Ty=0forallyecU < T =0.

(iii) For all @ € R with a # 0, we have Nopw,v)(aT) = sup,cy Ny(aTy) =
Ag () sup,ey Ny(Ty) = Ar(a)Nepw,w (T).

(iv) Nesww[T1 + To) = sup,cy Nv((T1 4+ Ta)y) < 6ysup,eyNv(Try) +
o sup,ey Nv(Tay), where 01,0, € (0,1) with §; + d, = 1. Thus,
nepww) [T + Ta] < 0Nepww)[T1] + 62Nepwv) [T

Hence, (CB(U,V),Nepw,v)) is a c-NS.

Theorem 2.18. Suppose that (U, Ny) and (V, Ny) are two ¢-NS. The linear
operator T : U — V is convex continuous if and only if T is CB.

Proof.
If T is convex continuous at y € D(T), then Va > 0,3e > 0 such that when
Ny[Tz — Ty|] < a, we have Ny(z — y) < a, Vz € D(T). If W C D(T) is CB,
choose w # 0 € W. Put w = z — y. Then, Ny(Tw) = Ny(T(z —y)) < 0. It
follows that T(W) is CB. Hence, T is CB.
Conversely, assume that T is CB. If a > 0 then Yy € D(T) satisfies:
My(y) < a implies Ny(Tu) < o where o > 0.
Thus, for w € D(T), we have
My(y —w) < a = Ny(Ty — Tw) = Ny(T(y — w)) < o.
Hence, T is convex continuous at y. Since y was any vector in D(T), T is
convex continuous.

Theorem 2.19. Suppose that (U, Ny) and (V,Ny) are two ¢-NS. Then CB(U, V)
is convex complete if V is conver complete.

Proof.
The proof is direct.
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Definition 2.20. The linear functional f : (U,N) — (R,Ag) is CB if
dp > 0 such that Ar[f(y)] < p-N(y),Vy € U. Also, Nepur(f) =

sup,ey Ar(fy),Vf € CB(U,R); that is, Ar[f(y)] < Nepwr)(f) -N(y),Vy €
U.

Definition 2.21. If (U, N) is ¢-NS, then (CB(U,R), Nepw,r)) is c-NS, where
CB(U,R) ={f:U—=R: f is linear CB} and Nepwr)(f) = sup,cy Ar(fu).
This is called the convexr dual space of U.

By using Theorem 2.19 and the fact that the ¢-NS (R, Ag) is convex
complete, we have the following theorem.

Theorem 2.22. [f (U,N) is ¢-NS, then the convex dual space CB(U,R) is
convex complete.

3 The Spectral of CB Linear operators

Definition 3.1. Let (U,N) be ¢-NS and let S : D(S) — U be a linear op-
erator. Associate with S the operator S, = (S — al), where a € C. If ;!
exists, then it is Ro(S) = St = (S — al)™t. The operator R, (S) is called
the resolvent operator (or resolvent) of S. For brevity, we write R, instead

of Ra(S).

Definition 3.2. Let (U,N) be ¢-NS and let S is a linear operator from
D(S) C U into U. With a € C, the regular value o of S is such that:

(1) Ra(S) exists.
(i1) Ra(S) is conver bounded.
(i1i) R (S) is defined on W C D(S) and W = U.

The resolvent set p(S) = {a € C : « is a reqular value of S} and p(S)° =
C — p(S) = o(S) is called the spectrum of S. Also, a € o(S) is called a
spectral value of S.

)
U into U. If R (S) ewists, then it is linear. Also, Ro(S) : R(Sa) — D(Sa)
erists <= S,(z) = 0 = z = 0; that is, N(S,) = {0}, where R(S,)
the range of S,. Hence, if S,(2) = (S — al)(2) = 0 for some z # 0, then
a € 0,(S); that is, o is an eigenvalue of S.

Remark 3.3. Let (U, N) be ¢-NS and let S be a linear operator from D(S) C
18
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Definition 3.4. Let (U,My), (W, Nw) be two ¢-NS and letS : U — W
be a linear operator. Then S is convexr closed if G(S) = {(u,w) : u €
U,w = S(u)}, the graph of S, is convex closed in the c-NS (U x W, n),
where N'[(u,w)] = vNy(u) + dNw(w) for all (u,w) € U x W, and where
v,0 € (0,1) with v+ 6 = 1.

Theorem 3.5. Let (U,Ny), (W, Nw) be two ¢-NS and the linear operator
S:U — W. S is convexr closed <= if u — u with up € D(S) and
S(ug) — w, then u € D(S) with S(u) = w.

Proof.
By the definition of G(S), it is convex closed <= z = (u,w) € G(S) <=
2 = (ug, S(ug)) € G(S) such that up — u, S(ug) - w and z = (u,w) €
G(S) < u e D(S) with S(u) = w.

Theorem 3.6. Let (U, Ny), (W, Ny) be two convex complete ¢-NS and let
S:U—= W be a convez closed operator. If D(S) is convex closed in W, then
the operator S is CB and S is CB.

Proof.

(U x W, N) is convex complete by Theorem 2.9. If G(S) is convex closed
in Ux W and D(S) is convex closed in U, then G(S), D(S) are convex
complete. Let Y : G(S) — D(S) be defined by: Y[z,S(z)] = z Then Y is
linear and Y is CB since N (Y[z,S(2)]) = My(z) < vNu(z) + dNw[S(z)] =
N(Y[z,S(2)]), where v,6 € (0,1) with v+ ¢ = 1. Since Y is bijective, we
can define Y™' : D(S) — G(S) as: Y7!(2) = [2,S(2)]. So, Y~ is CB,
say Nz,S(z)] < oMNy(z), with o > 0, Vz € D(S). Thus, S is CB because
Nw[S(2)] < YNu(2) + INw([S(2)] = Nz, S(2)] < oNy(z),for all z € D(S).

Proposition 3.7. Let S : U — W be a CB linear operator, where (U, Ny)
and (W, Nw) are two ¢-NS. Then

(i) S is convex closed if D(S) is a convex closed subset of U.

(i1) D(S) is a convez closed subset of U if S is convex closed and (W, Ny)
18 convex complete.

Proof.

(1) If (2x) € D(S) and 2z, — z and S(z) — w, since S is convex continuous,
then z € D(S) = D(S) because D(S) is convex closed. Hence, S is
convex closed by Theorem 3.6.
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(i) For z € D(S), 3(z1) € D(S), zx — z because S is CB. Nw[S(z) —
S(zm)] = Nw[S(zk — 2m)] < Nesw,w)(S) - Nulzk — 2] But this implies
that (S(zx)) is convex Cauchy. So, S(zx) — w € W because W is

convex complete. Since S is convex closed, z € D(S) by Theorem 3.5
and S(z) = w. Hence, D(S) C D(S). Therefore, D(S) is convex closed.

Lemma 3.8. Let (U,N) be ¢-NS and S : U — U be a linear operator and
a € p(S). If S is convex closed, then R (S) is defined on U and is CB.

Proof.

Since S is convex closed, so is S, by Theorem 3.6. Hence, R, is convex closed
by (i) of Definition 3.2. Thus, its domain D(R,) is convex closed by(ii)
Proposition 3.7. Thus (iii) of Definition 3.2 implies D(R,) = D(R,) = U.

Lemma 3.9. Let (U,N) be ¢-N,S'S : U — U be a linear operator, and
a € p(S). If S is OB, then R,(S) is defined on U and is CB.

Proof.
Since D(S) = U is convex closed, S is convex closed by Theorem 3.6 and the
statement follows by Lemma 3.8.

Theorem 3.10. Let (U,N) be convex complete c-NS and let S : U — U be
a linear operator. If Nopwuw)(S) < 1, then (I —S)~! exists as a CB linear
operator on U and (I —-8)~" =372 §.

Proof.

We know that Nepwu)(S) < [Nepww(S)) for any j € N. Also, since
Nepww)(S) < 1, the series Y22 | [Nepw) (S))’ is convex convergent. Hence,
the series Zj‘;l S7 is absolutely convex convergent for Nepw,u)(S) < 1. Since
U is convex complete, so is C'B(U,U) by Theorem 2.19. Let T = 3>, §/.
Now, we will show that T = (I—S)~!. Consider (I—-S)(I+S+S*+---+S") =
(I+S+S%+---+S")(I-S) =T1-S""'. Asn — oo, we get S"™! — 0 because
Nepw,p)(S) < 1. Thus, we have (I —S)T = T(I—S). Hence, T = (I —S)~".

Theorem 3.11. Let (U, N) be convex complete ¢-NS and let S : U — U be
a linear operator. If S is CB, then the resolvent set p(S) is a convex open set
in C. Hence, the spectrum o(S) is a convez closed set in C.

Proof.
If p(S) = 0, then it is convex open. Let p(S) # (). For fixed ag € p(S) and
any o € C, we have (S — al) = (S — apl + apll — o) =
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(S — Oé(]I[) — (Oé — Oé(])H = (S — OéoH) [H — (Oé — Oéo)](S — Oé(]H)_l. Let
H=[-(a—a)](S— apl)~t. Then
Se =S—al=S,,H ... (3)
where H =1 — (oo — ap)Ra,- Since ap € p(S) and S is CB, Lemma 3.9
implies that R,, = S, € CB(U,U). Moreover, Theorem 3.10 implies that
H has an inverse H~' =372 [(« — ap) Ry, ) = >o2g [(a = o)’ R, | in
CB(U,U) for all a such that nepw,uv)((a — ag)Re,) < 1; that is,
AC[(Q - ao)] < NCB(U,n)((z—ao)%ao) T (4)
Since S;) = R, € CB(U,U), using this and (3), for all « fulfilling (4), the
inverse of Sq exists
Ro =S;' = [Sa H ' = H '"Rey. ... (5)
Hence, (4) introduces a convex ball of «p consisting of regular values « of S.
Since ag € p(S) was arbitrary, we conclude that p(S) is convex open which
implies that o(S) is convex closed since o(S) = p(S)¢. By using equation
(5), we immediately have the next result.

Theorem 3.12. If (U,N) is convex complete ¢-NS and S : U — U is a CB
linear operator, then for every o € p(S), the resolvent R, (S) has the
representation RNo = Y [(a —ap)? RIS ... (6).

Proof.

The infinite series » 7 [(a — ) RS +1} is convex absolutely convergent for
1
Nepw,v) ((a—ao)Raq)

all o in the convex open ball given by Ac[(a — ap)] < in

the complex plane. This open ball is a subset of p(S).
Theorem 3.13. If (U,N) is convex complete c-NS and S : U — U is a

linear operator, then the spectrum o(S) is conver compact and lies in the
open ball Ac(a) < Nepw,u)(S). Hence, p(S) # 0.

Proof.
Let a # 0 and g = é Then, from Theorem 3.12, we have the representation
Ry = (S —al)™ = —L(I— B5)"1 = ~1 1" (BS) = —1 % (L8)’,

where, by Theorem 3.11, the inﬁnite serles converges for all o such that

Neswy) (28) = % < 1; that is, Nepw,v)(S) < Ac(a). The same
Theorem also shows that any «a € p(S). Hence, o(S) must lie in the convex
open ball(6) so that o(S) is CB. Moreover, o(S) is convex closed by

Theorem 3.12. Consequently, o(S) is convex compact.

Definition 3.14. Let (U,N) be convex complete c-NS and let
S € CB(U,U). Then, the spectrum radius r4(s)(S) of an operator S is
defined by 14(s)(S) = SUPaeq(s) Ac(a).
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Remark 3.15. From (6) we see that 74(s)(S) < Nepw,uv)(S).
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