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Abstract

In this work, we introduce the notion of o-differentiability and
(Aq, 0)-differentiability of mappings in locally convex algebras. More-
over, we establish o-continuous and (Aj, o)-continuous mappings in
these algebras associated with a system of bounded subsets in a con-
vex algebra. In particular, we extend the method of Averbuch and
Smolyanov in [1] to introduce a new approach of differentiability in
topological algebras that is carried by a locally convex topology.

1 Introduction

In his doctoral thesis, Van Dantzig [2] introduced the theory of topological
algebras in 1931. Since then, they were extensively studied by authors start-
ing. A topological algebra is a topological vector space, separately or jointly
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equipped with continuous multiplication, making it also an algebra. Several
papers and books have been written about the differential calculus in topo-
logical vector spaces (see [3], [6],[5], [4], [7] and [8]). To delve deeper into
the specifics of differentiability in locally convex algebra, one can take a look
at the sources that elaborate on the mathematical intricacies and properties
of differentiable functions within these algebraic structures. The difficulty of
constructing and defining differentiable functions in algebras is due to the
topology in which the differentiable functions are continuous.

In this paper, we define the first difference, first variation, bounded element,
and differentiability of locally convex algebra. Moreover, we give some prop-
erties of those concepts.

2 Preliminaries

A set A which is both a ring and a vector space over a field K is called an
algebra over K [7].

Let (Z,+,) be a vector space over a field K. If = is carried by a com-
patible topology 7 (vector topology) in which the operations + and - are
continuous, then = is called a topological vector space over K and is de-
noted by (=, 7) [2]. A topological vector space which is also an algebra, such
that the ring multiplication is separately continuous, is called a topological
algebra[9]. A locally convex algebra is a topological algebra whose underly-
ing topological vector space is a locally convex space; that is, with topology
generated by system of locally convex of zero neighborhoods.

3 Differentiability and Continuity

Definition 3.1. Let f be a map of a topological algebra (=1, %,71) into a
topological algebra (=5, %, 73). The first difference of f at a point x € =7 for
the increment h € Zy is the expression Af(x,h) = f(x + h) — f(z)

Definition 3.2. A map f : Ay — Ay is called differentiable at the point
x € Ay in the direction h € Ay if M has a limit as h — 0,\ € R .
This limit is called the first variation (or simply the variation) of f at x for
the increment h and is written as 6 f(x, h). Therefore,

)
= o f(@+ Ah).
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Clearly, if the variation for the increment h at x exists, then for any real num-
ber the variation for the increment ah at x exists and  f (x; ah) = ad f(x; h).

Definition 3.3. An element x of Ay is called bounded if, for some 0 # o €
K | the set {(ax)" :n=1,2,...,} is bounded. A subset A of Ay is bounded
if each element of A is bounded.

Now, let o be a system of subsets of Ay and let B be a system of bounded
subsets of Ay. In addition, let £(Aq, As) be the vector space of all contin-
uous linear mapping from Ay to Ag and let £5( Ay, A2) be a locally convex
algebra with topology of uniformly convergence on a sets of B. Suppose that
B contains of all singleton subsets of A (singleton subsets are bounded) and
that the union of sets in o contains a neighborhood of zero in Ay. From now
on, a locally convex algebra is a subspace of algebra =

Definition 3.4. A map f from an algebra = into a locally convex algebra A,
is said to be o— differentiable at x € = along Ay (briefly (A1, o)—differentiable)
if there exist element f'(z) € £( Ay, Az) such that for any U € o:

lim Af(xz; Ah)
A—s0 A

= f'(x).h

converges uniformly with respect to h in U. The map f : A1 — Ay is called
a o—derivative at x along A, (briefly (Ay, o)—derivative). The map f -
x — f(x) of Z in £5(A1, Ay) is called 0f— derivative a along A, (briefly
(Ay, 0, B)—derivative at x). Thus, if the map is (A, o)—differentiable at z,
then the variation exists at this point for any increment h and 6 f(x,h) =

f(@)h.

3.1 Example

Let f be a constant map from A; into A, . Then f has a derivative f () = 0
inf(Ay, Ay) and f is (Ay, o)—differentiable at x € A;.

3.2 Example

Any continuous linear map from .A; into A, is (A;, 0)—derivative at = along
A; and f'(z) = f.

Remark 3.5. For the map = — Ay to be (Ay, o)—differentiable at x it is
necessary and sufficient that,

fz +Ah) = f(z) _
5 > (i h)
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The map h — 0 f(x + Ah) is linear and §f(x : Ah) — 0 as h — 0. We
observe that the definition of (H,o)-differentiability at x can be written in
the following equivalent form.:

f(z+Mh) = f(z)+ f (2)Ah + r(z, \h) (3.1)

where f'(x) € £(Ay, Ay) and "2 ”“\h — 0.

Proposition 3.6. A map = — Ay is boundedly A,-differentiable at x if
and only if for any natural number n, f(x + A\hy + -+ A\hy) = f(z) +
F (@) Ahi+- -+ Xh) +7(A, .o A, e, - ., hy) where for any bounded sets

Bi,...,B, in Ay , the ratio "3 A”;ﬁ” """ ) 50 as || A ||— 0 uniformly
inh; € Bi,(i=1,...,n), | AM*P= M+ + \2.
Proof.
Ay An
= f(@) (Ml + - 4 Aaha)+
A1 An
r(z, | M| (5=h1 + -+ ——hy).
AT A

It is therefore enough to establish the boundedness of the set

A=H{ A“hl+ -4 ””|h A,y Ay € R}

Now A C By +---+ B,, is bounded as the arithmetical sum of finite number
of bounded sets. So the proposition follows. O

We now demonstrate a sufficient condition for the variation to be linear in
the increment .

Proposition 3.7. Let f be a map of = into Ay, x € =. For the map
h — of(x : X)) of Ay into Ay to be linear it is sufficient that for any
hy € Ay the function of two real variables ¢p(Ai, N2) = f(x + Ahy + Aaha)
with values in As is boundedly A;-differentiable.

Proof. 1t is enough to show that the map h — 0 f(x; ) is additive. On
the one hand, by proposition 3.6, f(z + A1hy + Ashs) = ¢(A, ) = ¢(0,0) =
A(0,0)A+d2(0,0)A+7r (A A) = f(x)+0f(x; hi)A+0f(x; ha) A\ +7(N, A), where
AN g A2 + A2 — 0. on the other hand, by equation 3.1, we have

NSy
Of(z; hi+hs) = 6f(x; hi)+0 f(x; he) where - T — 0as A — 0. Comparing,
we obtain 6 f(x; hy + hy) = 0 f(x; hy) + 6 f(x; ha). O
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Definition 3.8. A map f : = — Ay is continuous at x € = along A,
(briefly A;-continuous ) if the map h — f(xz+h) of Ay into As is continuous
at zero.

Definition 3.9. A map f : = — Ay is o- continuous at x € = along
Ay, (briefly Ai-continuous at x if f(x + Ah) — f(z). We simply write o-

continuous instead of (Ay,0)- continuous if Ay = = .

Proposition 3.10. Let a map f: = — Ay be (Ay, §)—differentiable at x,
where 5 is a system of bounded subsets of Ay. Then it is (A, f)— continuous
at this point.

Proof. The equation f(z+Ah)—f(z) = Af (z)h+Mr(\, h) with r(\, k), B —
0 follows from the definition of (A;, §)—differentiability. Let B € § the set
{f(x)h : h € B} is bounded, as the image of a bounded set under a linear
continuous map. Consequently, f (z)h — 0 as A — 0 uniformly for h € .
Furthermore, A\r(\,h) — 0, as A — 0 uniformly for h € § O

Proposition 3.11. If the map [ : = — Ay is Ay-continuous at x , then it
is (Aq, B)— continuous at this point for any system [ of bounded subsets of

A

Proof. Let the map f be A;-continuous. Then for any neighborhood N of
zero in Aj there is a neighborhood V' of zero in A, such that f(z+h')—f(z) €
N if ' € Ay. Then if B is a bounded subsets of A;, there is a A\, > 0 such
that AB € A, for |\|< A, such that f(z + A\h) — f(x) € N and h € B.

]
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