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Abstract

This paper presents the division polynomials for the Holm curve
and a few of their properties. One of the main properties being the n
torsion points for a given Holm curve.

1 Introduction

Let p be a prime number and K = I, be the finite field with p elements not
of characteristic 2 or 3. It is well known that an elliptic curve can be defined
by using its Weierstrass equation:

W:Y2=X34+aX+0b

where a,b € K, and there is an extra point O at infinity. The division
polynomials ¥,, € Z[X, Y a, b] for the curve are defined recursively, for n,m €
N as shown:
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N
- \I,—m (\Ilm+2\lfgn—1 - ‘I’m—z\llznﬂ) for m > 3.
2

Uo(X,Y) = 0
U (X,Y) = 1
Uy(X,Y) = 2V
U3(X,Y) = 3X*+6aX*+ 126X — a?
Uy(X,Y) = 4Y(X°®+5aX" +200X° — 5a°X? — 4abX — a® — 8b%)
Vo1 (X,Y) = W, 003 — W, U3 | form > 2
(X,Y)

We abbreviate the notation so that ¥, = ¥, (z,y). The curve itself has
group properties with the point at infinity, O, as the identity element. Here,
we can use these division polynomials to find the coordinates of the point
nP for an n € N and P = (z,y) € W by using the multiplication-by-n map
n]: W — W.

X\Ili - \Iln—l\I]n—l—l \I]2n
R e

Using the division polynomials we have that (X,Y") is an n-torsion point
of W (ie. [n)(X,Y) = 0) if and only if ¥,,(X,Y) = 0. (see [6], Chapter 1 of
[2], Chapter 3 of [8], and Chapter 3 of [10])

In this paper, we will show analogous results for the Holm Curve. We
will use (X,Y") to refer to an equation in Weierstrass form and reserve (z,y)
when we are referring to the Holm curve.

2 The Holm Curve
The Holm curve is defined by:
Hup:by(y? — 1) = ax(2® — 1)

where a,b € K, ab # 0,a # +b. Putting A = — we rewrite the curve as

@
b
Hy: 1y —y= N2> — 1)

where X\ # 0,+1. This is the form we will use when referring to the Holm
curve.
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Investigating the points at infinity, we see they occur when z = 0 in
the projective space. The points at infinity are (1,v/X,0). If p = v/1 and
VA € K, then the three points at infinity are (1 : pv/A : 0), (1 : p>v/X : 0)
and (1 : v/A: 0). Furthermore, the curve is an elliptic curve and the points
(0,0),(0,£1),(£1,0) and (£1, £1) are contained in H) for all possible \.

2.1 Group structure

The points on the curve can be added under the following operation: Let
P = (z1,11), Q = (x2,y2) € H) where P # ). Then we define P+ Q = R
and R = (z3,y3) where

3(zy — —y1)*n = 3(y2 —w)’
- (w2 — 1) (Yo 5/1) Y1 (y23 i)' + 1 + 2o
(Y2 —y1)? — (z2 — 21)3A
3N (@2 — 1)%y1 — 3N (22 — 1) (y2 — y1) 11

v (y2 - 91)3 - ($2 - Il)?’)\ T

Under this operation the curve forms an abelian group with the point O =
(0,0) as its identity. The additive inverse of the point (x,y) € Hy is (—z, —y).

2.2 Bi-rational mapping

The curve is also bi-rationally equivalent to the elliptic curve with Weierstrass
equation

Ey:Y? = X3 430X - V(N +1)=0

under the rational mapping

(o0 o (A()\xx—_zy)’ A(Alx—_Ay)) _(X.Y)

(X,Y) <X1—/)\27 )\(Xy— 1)) ~ (2.9)

with the addition of mapping origin (0,0) € H) to origin (0, 1,0) € E) where
AeKand X #0,£1.
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2.3 Function Fields

Theorem 1. Consider the Holm curve
H,\:y?’—y:)\(:z?’—x).
Let the function field K (Hy)) = K (z,y). Then
o [K(2,y): K ()] = 3,
b. every element f (z,y) € K (z,y) can be written uniquely as
f(@,y)= A1 (z) +yB, (2) +y° 1 (2)

where Ay (), By (z), Ci(x) are rational functions in K (x).

Proof. 1t is enough to show that in K (z)[T], T indeterminate, the polyno-
mial

T3 —T —Xa* + Az
is irreducible. If it were not irreducible, it would have a factor of degree

f(x)

one, hence, it would have a root in K (z). Let ﬁ be such a root, where
g(x

f(x) and g (z) are in K [z] and we may assume that their GCD in K [z] is

1. Plugging in the root forces g (x) = 1, the polynomial f (x) satisfies

(f (@) = f(2) = Az (z = 1) (z +1).

In K [x], this equation gives the expansion of (f (z))*— f (x) as a product
of irreducible polynomials. Since char (K) # 2, the three factors on the right
hand side are distinct.

Looking at the degrees of both sides leads to

deg (f (z)) =1
hence
f(x)=ax+b
for a,b € K. We find
(ax+b)(ax+b—1)(ax+b+1)=Xx(z—1)(x+1).

By uniqueness of the decomposition into a product of irreducible factors we
obtain
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{ax +bjar+b—1,ar +b+ 1} ={\z,x — 1,z + 1}.

Taking into consideration all the possibilities will lead to a contradiction in
each case. Hence T — T — \z® + Az is irreducible in K (z)[T].
As y is a root of this polynomial, [K(z,y) : K (z)] = 3 and {1,y,y?} is a
basis for K (x,y) over K (x).
U

Theorem 2. Consider the Weierstrass model
E\:Y? =X —3XNX + (N2 +1)

Let the function field K (E\) = K (X,Y). Then
a. [K(X,)Y):K(X)]=2,

b. every element g (X,Y) € K (X,Y) can be written uniquely as
g(X,Y) =4 (X)+YB,(X)
where Ay (X)), By (X) are rational function in K (X).

Proof. 1t is enough to show that in K (X)[T], T indeterminate, the polyno-
mial
T? — X? 430X — M2 (\2+ 1)

is irreducible. If it were not, then X3 — 3A\2X + A\?(\? + 1) would be a
square in K [X]. A degree consideration leads to a contradiction.
As Y is a root of this polynomial, [K (X,Y) : K (X)]=2and {1,Y}isa
basis for K (X,Y) over K (X).
U

3 Multi-Variable Division Rational Functions

In order to form the division polynomials for Hy we need to use the division
polynomials for an Elliptic curve in the Weierstrass form, and the bi-rational
correspondence between the curve E), and H),. We define the following ra-
tional functions 1, (x,y) recursively for n > 0:
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’l/)o(!lﬁ', y) =0
W (z,y) = 1
2A(1 — )2
st = =
O3z =)t 18Nz — Ay)?
R e
+12)\3()\2 + D@ -y o\
A —y
AN =A@ = Ay)® 6OAT(1 =A%) (x — Ay)?
B
+8O)\6(1 — M) (@ = Ay)®  180AT(1 — N?)(x — y)?
(A —y)? (A\x —y)3
A8XS(1 — AY(z — Ay)  108AT(1 — A2)
(A\x —y)? Ar —y
32X5(A% + 1)3(1 — \?)
a A —y
7vb2m+1 (S(Z,y) = ¢m+2¢?n - ¢m—1¢i+1 for m Z 2
7vb2m(xvy> = :Z—TZ (¢m+2¢31—1 - ¢m—2¢3¢+1) fOl" m Z 3.

Let’s call these functions the division rational functions. The notation
can be abbreviated just as with W,,, by letting v, = ¥,(z,y). Notice these
functions are not defined at the point (0, 0)).

We can factor the division rational functions. Doing so we obtain a quo-
tient multiplied by a polynomial in terms of x and y. Let’s call these poly-
nomials the multi-variable division polynomials, as defined in the following
theorem.

Theorem 3. The multi-variable division polynomials, denoted 1;”, are de-
fined by

)\k(n)¢n

= D= gy



The Multi-Variable Division Polynomials...

where
2 _
w2 if nis even
m(n) = {22
if nis odd
2
and
Q%O(x>y) = O
'l{}l(x/y) =1
1/52(5579) = 2(1 - >‘2)
Vs(z,y) = 3A(x— Ay)' — 18A(z — Ay)*(\w

—y)?

+12(N + 1) (2 — M)Az — y)® — Nz —y)*

Ua(z,y) = 4231 — A (z — My)® — 60\ (1 —

) (z

+80A(1 — M) (z — \y)* (A — »)?

—180A2(1 — A?)(z — \y)*(A\z —
FABA(1 — M) (2 — Ay) Az — y)°

y)*

— M) (A —y)’

297

F108A2(1 — A2 Az — )® — 32002 + 1)2(1 — A} (\x — y)°

and

(A¢r+2¢r 1 1@«_2@3“) if
(¢r+2¢r 1 )‘dr—ﬂzgq-l) if

1;27" =

SN

@:|€x€:|€ = :|€x

and

()‘x - ) ¢r+2¢ wr 1¢r+1
Graah? — Az — y) 211y,
@2 = ()\37 —y)? ¢r+2w - Mbr 1w7’+1

" >\¢T+2¢ (Ax —y)? wr 1¢r+1
Az —y)? Dyt % 10
¢r+2¢ - )\()\93 - ) @Dr 1¢r+1

Proof. First observe that for all t € Z,t > 0,

(¢T+2¢T 1 15,_2153“) ifr=0,3 mod6,r >3

=1,4 mod6,r >4
=25 mod6,r>5

ifr=0
ifr=1
ifr=2
ifr=3
ifr=4
ifr=5

mod 6,7 > 6
mod 6,r > 7
mod 6,r > 2
mod 6,7 > 3
mod 6,7 > 4
mod 6,7 > 5
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=T72t> — 1

721% + 12t

7217 + 24t + 1
72t? 4 36t + 4
T2t £ 48t + 7
72t% £ 60t + 12
7212 4+ T2t + 17

182 — 1

18t% + 6t
182+ 12t + 1
182+ 18t 4+ 4

12¢2

12¢2 + 4¢
1262+ 8t + 1
1262 + 12t + 3
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48t*

48t* + 8t

48t* + 16t + 1
48t% + 24t + 3
48t* £ 32t + 5
48t% + 40t + 8

A8¢t% + 48t + 12

This proof is by induction. We see that it is true forn = 1,2, 3,4. Assume
it is true for all values up to the n — 1 case.

Case 1: Let n =0 mod 12, n = 12[ for some [ € Z, and r = 6[. By definition

we have:

Un

Uy

(>

(w7’+2w3—1 - ¢r—2w3+1)

)\k(r—2)+2k(r+l)1§r_2ng+l

()\x - y)m(r)_1d2

or

¥

(A — y)mr+2)+2m(r—1) N

)\k(r)—l,lj;r (}\k(r+2)+2k(r—1)dr+21§3_1

[

)\k(r)—1+k(r+2)+2k(7’_1)¢r+21;3—1 B AW"”’“(T—?’“’“(’“*”1@_21@%1

()\l’ _ y)m(r)—l+m(r+2)+2m(r—l)

()\ZIZ’ _ y)m(r)—1+m(r—2)+2m(r+1)

()\ZIZ’ _ y)m(r—2)+2m(r+l)

)

)
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Notice,

E(6]) — 1+ k(6] +2)+2k(6l —1) = 121> — 1+ 121> + 81+ 1 + 241* — 81
= 481° = k(121) = k(n)

E(6]) — 1+ k(6] —2) +2k(61 +1) = 121> — 1+ 121> — 81 + 1 + 241> + 81
= 481* = k(12l) = k(n)

and

m(6l) —14+m(6l +2) +2m(6l — 1) = 181> — 1 — 1+ 181* + 121 + 1 + 361* — 121
= 721 — 1 =m(12l) = m(n)

m(6l) —14+m(6] —2) +2m(6l +1) = 181> — 1 — 1+ 181* — 121 + 1 + 361* + 121
= 721> — 1 =m(12l) = m(n)

Thus,
)\k(n) 1;’!‘ 7 72 7 7.2
Yn(zy) = O — ) E(%wqu—%—ﬂrﬂ)
N A,

(Az —y)m) Az — y)m)

Case 2: Let n =1 mod 12, n = 12[ + 1 for some | € Z, and r = 6l. By
definition we have:

wn(za y) = ¢r+2¢§ - wr—l¢§+1
)\k(r+2)+3k(r)wr+2¢§ B )\k(r—l)+3k(r+1)wr_l¢§+1
()\ZIZ’ _ y)m(r+2)+3m(r) ()\l’ _ y)m(r—1)+3m(r+1)

Notice,

k(61 +2) +3k(6]) = 120* + 81+ 1+ 36/
— 482 +8l+1=Fk(1204+1)+1=k(n)+1
k(6] — 1) +3k(6l +1) = 121* — 4l + 361> + 121
= 481 + 81 = k(121 + 1) = k(n)
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and

m(6l +2) +3m(6l) = 181 + 120+ 1+ 541> — 3
= 722 +121 =2 =m(120+ 1) — 2 = m(n) — 2
m(6l — 1) 4+ 3m(61 +1) = 181% — 61 + 541° + 18I
= 721 + 121 = m(120 4+ 1) = m(n)

Thus,
AR 27 73 7 73
Un(z,y) = D = g ()\()\x — Y) rty — @Dr—lwrﬂ)
- )‘k(n)'lzj%“-i-l o )\k(n),&n
Qe )™ (- y)m®)
Case 3, ...12: n=2,...11 mod 12. Similar. O

Also, these equations are in fact, polynomials.

Theorem 4. 1, (z,y) € Z[\,z,y], ¥Yn > 0 and 2(1 — X2) divides ¥, (x,y) if

n 1S even.

Proof. Here notice

fe
v = 1
Uy = 2(1-N?)

Py = 3z — M)t — 18\ (z — \y)?*(\x — y)?
+12(\ + 1) (z — Ay) Mz — y)* — Iz — y)*
[ 2X\% (2 — A\y)8 — 30\2(z — My)*(Ax — y)? |
+40A(1 + A (z — A\y)*(A\z — y)?
Py = 2(1—)\?) —90A%(z — \y)*(\x — y)?
+240(1 4+ A?)(z — Ay)(A\x — y)®
| 54N (A — ) — 16(N + 1)* (A — y)° |

Thus the statement is true for n = 0,1,2,3,4. Suppose it is true for
values up to n — 1.



The Multi-Variable Division Polynomials... 301

Case 1: Let n =0 mod 12, n = 12 for some [ € Z, and r = 6.

ThU_S, 'l/)n = ﬁ(@br—iﬂ@b?—l - ?/)r—2?/)3+1)-
E’Y bypOtheSiS~ ¢r>wr+2a ¢r—17 ¢r—2>wr+l S Z[)‘a l’,y] and 2(1 - )‘2) divides
Up, Yyyo and P,_o. Thus v, € Z[\, x,y] and is divisible by 2(1 — \?).

Case 2: Let n =1 mod 12, n = 12] + 1 for some [ € Z, and r = 6.
Thus, ¢n = 3‘()‘1’ ~_ y22¢r+g¢§ - ¢r—1¢§+1- B
BY hypOtheSiS 7~p7“—|-27 ¢7‘7 ¢7‘—17 wT—l-l € Z[)\7 x, y] ThU_S, ¢TL € Z[)‘7 x, y]

Case 3, ...12: n=2,...11 mod 12. Similar. O

4 Properties of Multi-Variable Division Ra-
tional Functions

Using the multi-variable division rational functions, we can find what nP
equals for a point P € Hy, and n € N.

Theorem 5. Let (z,y) be a point in H\(F,)\{(0,0)} andn > 1 be an integer.
Then
[n](x7 y) = (.CL’O& — W,y — Aw)

where:
— 2)‘(1 - )‘2)'(/):11 W= 2¢n—1¢iwn+l
()\ZIZ’ - y)w2n 'QDQn

Proof. We know for an elliptic curve of Weierstrass form: Y? = X3 +aX +0,

X\I]i - \Iln—lan+l \IIZn
R e

Here U, are the division polynomials. Let [n](X,Y) = (X,,,Y,). Once again
we can use our bi-rational correspondence to determine the coordinates of
n](z,y) = (Tn,yn) in our Holm curve. We know that E) is bi-rationally
equivalent to Hy. As we substituted our values for a,b, X and Y in the
division polynomials for the Weierstrass equation, we have that ¥;(X,Y) =
Yi(z,y) fori = 0,1,2,3,4. Also as they have the same recursion formulas for
i > 5, we have that U,,(X,Y) = ¢(z,y). Thus,

\I]n— 1 \Iln+1
vz

o \Il2n
- 2ud

X=X - Y,
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is equivalent to

wn—1¢n+1 ¢2n
X, =X-—" Y, =
We apply this to our substitution equations from Hy to Ej;
B X -\ B AMX —1)
YTy Y=y
and from FE) to Hy;
_ 2
X:)\(x Ay) Y:)\(l A7)
Ar —y A —y
to obtain:
X _ Xn - )‘2 _ 21#?2 )\(SL’ - )‘y) . ¢n—1wn+1 . )\2
_ 2¢;1L |:)\LL’ _ )\31’ . 7vbn—lwn+1:|
22 {(A — X))z }
= Dom N —y Yn—1Vn41
- o (R0 _ 2t
()\ZL’ - y)w2n w2n
= za—w
_ AMX, — 1) _ 21#?; )\2(36 — \y) B A _1Un 11 )
_ 2¢;1L |i_)‘3y + )‘y _ )\wn—l'lvbn+1:|
7vb2n >\SL’ -y WL
_ 2¢;1L [(A - )\3)y _ A¢n—l¢n+1:|
7vb2n )\LL’ -y ¢72L
., <2A<1 _ vws) L <z¢n_1¢zwn+l)
()\[L’ - y)¢2n ¢2n
= ya— I\

Finally showing,
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n](z,y) = (ra — w, ya — Aw).
U

Corollary 1. Let P = (z,y) be in H\(F,)\{(0,0)} and let n > 3. P is an
n-torsion point of Hy if and only if ¥, (P) = 0.

Proof. We use:

¢2n(x7 y) = % (¢n+2w¢2l_1 — wn—2¢3+1) fOl” n Z 3
_ 20 [(A = N)ayy
Ty, = wgn |i o — y - 7vbn—17vbn+1:|
200 [(A = N)yen
Yn = w2n |i \r — y - Awn—1¢n+1:|

Suppose 1, (P) = 0. Plugging in 1)y, into z,, and y,, we obtain:

2atn (A= X)aud |
. wn+2¢%_1 - ¢n—2¢3+1 [ AT — Y 7an—17vbn+1
— 2991y, ()\ _ )\B)ng - }
o 7vbn+2¢72z—1 - ¢n—2wrzz+l |i A —y )\wn—lwn—i-l

Thus as ¥, = 0 we have that n[z,y| = (zn,y,) = (0,0).

Now let [n](z,y) = (zn,yn) = (0,0). Investigating 1o we know that
Ar —y #0as (z,y) # (0,0). Also as A\ # 0, £1; 1), is non-zero.

Suppose 1, # 0. We have that:

A — N x?
0 = ()\w_wn—lwn-i—l
r—-y
A=\ 2
O == ()\w_Mﬂn—ﬂbnﬂ
r—y

Solving for v, 11,1 in the second equation we obtain:

A= N)yyq

¢n—1¢n+1 = )\()\SL’ _ y)
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Plugging this into the first equation we obtain:

A= M)zdy (A= N)ydn
Ar —y AAx —y)

# (5 )

A —\3 y
a ¢72L<A:B—y) (z_X

w#oA Ag;ﬁo — (2-4) =0

Now

It (x — %) = 0 we have x = 4. Plugging this into Hy : 0 = y* —y — Az’ + Az

we obtain (1 — 35)y* = 0 and y = 0. We obtain that (z,y) = (0,0), a
contradiction.

We must have that ¢, = 0. Thus [n](z,y) = (0,0) if and only if ¢, = 0.

U

Using these multi-variable division polynomials we can once again find
the torsion points.

Corollary 2. Let P = (x,y) be in H\(F,)\{(0,0)} and let n > 3. P is an
n-torsion point of Hy if and only if 1 (P) = 0.

Proof. This result follows from Corollary 1 and Theorem 3. O
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