International Journal of Mathematics and ( M)
Computer Science, 19(2024), no. 3, 543-551 G5

A Direct Theorem on Angular Approximation
Using k-Mixed Modulus of Smoothness

Rehab Amer Kamel!, Eman Samir Bhaya?

'Department of Mathematics
College of Education for Pure Sciences
University of Babylon
Hillah, Traq

2Department of Mathematics
College of Education
Al-Zahraa University for Women
Karbala, Iraq

email: pure.rehab.amer@uobabylon.edu.iq, pemanbhaya@alzahraa.edu.iq

(Received October 15, 2023, Accepted November 20, 2023,
Published February 12, 2024)

Abstract

In approximation theory, the ”direct theorem” is a fundamental
concept that relates to how well more straightforward functions or
signals can approximate a function or signal from a chosen approxima-
tion space. The direct theorem typically provides bounds on the error
or the quality of the approximation in terms of various parameters,
such as the degree of approximation, the dimension of the approxi-
mation space, and the properties of the approximated functions. The
specific form of the direct theorem can vary depending on the con-
text and the type of approximation being considered (e.g., polynomial
approximation, Fourier series approximation, spline approximation,
etc.). The direct theorem aims to establish the mathematical frame-
work for comprehending how well elements from a given space can
approximate a function, which is crucial in various fields like numer-
ical analysis, signal processing, and scientific computing. Finally, the
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direct theorem is a crucial result in approximation theory. It describes
how elements from a given approximation space get closer and bet-
ter at approximating a given function as the number of terms in the
approximation sequence grows. It provides essential insights into the
behavior of approximations and plays a central role in various mathe-
matical and computational disciplines. In this article, we aim to prove
the direct theorem by defining a new appropriate operator for func-
tions Ly, ([0, 27T]d) that uses our new k-mixed modulus of smoothness
to estimate the best approximation degree and the new k-mixed dif-
ference. Also, to prove the direct theorem, we introduce the angular
approximation in L, ([0, 27]% to reach the most accurate estimate.

1 Introduction

Suppose f (z1,...,7...,74) is a measurable function on [0,27]? and 2n-
periodic for each variable. Then

fxy,. .. miy...,zq) €L,y 0<p<l,
The functional

||f($)||p: </ / / ‘f(xl,l’g,,l’l,,l’d)|pd£(71d.]f2d$2d$d
(1.1)

N———
S

is finite.
Bakhvalov and Nikolskii [2, 5] first developed classes of functions with a
dominant mixed modulus of smoothness by defining the space

he Ly (R) :lifllge boyiuz) = 1Al z, o) + Ha%kl
gkl,kzx (RZ) o 1 Lp(R2)
p o ' %2k H OFrtk2py
_l_ -
025” Lp(R2) 071" D72y Lp(R2)
(1.2)

The integer and fractionally mixed modulus of smoothness in one and n
dimensions have been the subject of several recent studies (for a selection of
these works, see [1, 7] ).

The following denotes our k-mixed modulus of smoothness for functions
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fxy, .. @iy xq) € Ly ([0,2W]d),0<p< 1,

, 0>0, or
p

w_k(fvé)p = Ssup di =1 HA—ﬁf(xlvx%”wxiv’"7xd)
|hi| <6

(1.3)

d
%(fv 5)1? = Ssup ||||||Aﬁf (Ilv L2y o5 Ty e 7xd> ||p
|hs|<6 = T

our k—mixed difference is defined as follows:

A—ﬁf(x):'sup (AP (@1 @i @a) o AP (1, 24)

11<i<d

...,Aflif(a:l,...,xi,...,xd)}, or
A f(x) = inf {APf(x,. o om . ma) AR (o, @ )

?1<i<d
k
...,Ah‘;f(xl,...,xi,...,xd)},

where

k= (ki,ko,. .. ki kq),
h: (hl,hg,...,hi,...,hd),
r = (l’l,xg,...,l’i,...,l’d).
Potapov [6] gave the best approximation in terms of the angle. He has used

theorems about angular approximation in the L,--space, 1 < p < oo. We
define the best angular approximation in L, ([0, 27| by the formula

}/h ..... gd(f)p:Tiemi(}f)lfy~: d”f_Tl_"'_Td||p7 617---7€d€N (15)
where the symbol 2; (£;),, represents the set of all functions from L, (0, 27]?
that are trigonometric polynomials of maximal order ¢; with respect to z;.
Many researchers submitted the direct theory of approximation using the
usual and fractional modulus of smoothness for functions of one variable
[2, 3] and continuous multivariate functions [7, 3, 4, §].

2 Notation and Auxiliary Results

From generalized Jackson kernels (8], we obtain

v ([ sin 4t .
Jyi () = T, ( 2,) i ki =1,2,... (2.6)

62. sin 5
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where 2 =1,...,d and

d
Jo (1,20, wi . xg) = [ [ () (2.7)

and

_ 1 [ .

—Tr

Lemma 2.1. Suppose x = {x1,20,...,24,... 74} € R4L Ky =1,2,...,i =
1,....d.

Then
2 2k1(£1 1 2kd(£d 1
where
t = J =01, ki(ti—1),i=1,....d  (28)

2k; (¢; — 1)+ 1’

Proof. We can prove this lemma by using statement 1 in [8] and via a simple
calculation that takes into account the formula for the sum of a geometric
progression’s terms. O

Lemma 2.2. Suppose k; = 1,2,... and 0 < p < 1 be such that k;p > 1.
Then for {; =1,2,...,5;=0,1,...,i=1,...,d, we obtain

™ s ™ ™ d .
Ji
0 Jo 0 0

JZ_Z' (xi)}pdxldzg coodxy .. dxy

(2.9)

d
H gp jz_l
=1

Proof. We can prove this lemma using statement 2 in [8] and for j = 0 are
provided in [3].

Let j; = 1. Then, keeping in mind that sin 5 > % for 0 < z; < 7, sinx; <
x; for x; > 0, while k;p > 1, from equation (2.9), we successively get

s ™ s s d .
Ji
o Jo 0 0

Jpt ()| dwrdy . d; . . dag
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P

i o, \ 2k
/ / / / Ha:zz €2k—1 <siné) dridzy ... dx; ... .dxg
2

=1

ki 1/n 1/n
¢ (p, i) (f?klp...ﬁzkdp/ / Ty X ... X Tgdry X ... X dxg
0 0

— p2kip—p 2kqp—p
pRar=p g2

o0 o0
1-2k 1-2k
+/ / T XXy dpdxlx...xd:)sd)
1/n 1/n

<c(p k)72 0072

Similarly, we can prove equations (2.9) when j; = 2,3, ... O

Lemma 2.3. Suppose that the function f (x1,...,%;, ..., 2q) € Ly ([0, 27T]d) ,
0 <p < 1. Then for all nonnegative v;,2 =1,...,d, and 0 > 0, we have the
inequality
w_k(f7715)p = wkl (f (xlv NS (K R 7xd) 75)p
< (14" o, (f (@1, 25, 74) ,6), -

Proof.

Wk, (f,7:9), = ‘hs‘lip HAlkf Tiyees iy, T4)
v:0

4
= sup
|hi| <vid

,0>0
p

sup{A Lf( :171,...,1',...,xd),...,Affif(xl,...,:L'i,...,a:d),

.,Aﬁ‘;f(xl,...,xi,...,xd)}

p
d

=1

= sup

sup SUP{Aylhlf(fEl,--- :17,...,xd),...,A]i:hif(xl,...,a:i,...,xd),
<

k
.,A,thdf(xl,...,xi,...,xd)}

.
Choose Afjfhlf (x1,...,2y,...,x4) such that
k
AT (@@, T4)

d k ki
:s'ug){Awihlf(xl,...,:L’Z-,...,xd),...,A%hif(xl,...,xi,...,xd),
1=

Akzhdf(x:L’ e 7:6@', “ e 7xd)}
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(ffYZ —SUP - h xlv"’vxl7"'7xd)
“/ll

\hi|<s p
By using the identity

v—1

v—1 v—1
Al f g;):Z...Z...ZAﬁllf(xl,...,xl+(k:l—jl)hl+(kl—j2)hl+---

Jj1=0 Ji=0 Jk=0

+ (ki —jkl)hz,---,xd)
we have the inequality

Wk, (f(:(fl,...,nl’l,...,l’d),5)1) Snk’wkl (f(xl,...,xl,...,xd),é)p.
For other values of v, > 0

w_k(fa’yia)p:wkl (.f(xl7"'a lxla"'axd)a(s)p
S (1+7l)klwkl (f(Ila"'axla"'axd)ad)p-

3 Main Theorem

Theorem 3.1. Assume that the function f(z) € L, ([0,27]Y),0 < p < 1.
Then we have

1 1
Vi, ed<f>psc<p>w—k(f,(a.%)), foo o ly=0.1....
P

Proof. Since the set of continuous functions of 27-periodic for each variable
is dense in L, ([0,27]%,0 < p < 1, we can assume that f(z) is a continuous

function. We put k; = [g} +1 ([.] stands for the integer part). For arbitrary
real numbers a;, we have the functions:

Fflﬂl-f( ):lealf(xl,l'g,---,Zlfz',...,!lfd)
2k1 51 1 k1

i & 20 ()

v1=1

f (tzulﬂ (k’l - Ul) A1, L2y ooy Ljyon. ,l’d) Jf (1’1 — tgl ey al)
‘ng;(mf(X) = F€2§a2f(x17$27 ceey Ly e 'axd)



A Direct Theorem on Angular Approximation... 549

2ko(la—1) ko
T o L ( )

vo=1

f (931,15@2;1@ (k2 — Uz) A2, T3 - -y Ly - - ) J/szz (I2 - téz ko a2)

‘Fgﬁaif(X) = ff 'azf(xhx?v s 7:1:1'7 s 7xd)

w2 o (4)

v;=1

f (1’1,1’2, e ’tfi;ki + (]fz - Ui) Qjy .o ,ZL’d) JZZ (SL’Z - tZkz - ai) y

féd;adf(x) = '/—_.Zd;adf (1'1, Loy ooy Lijye v ,Z’d)
2kq(La—1) kq
2 kg
et _1 Va
e 3 20 (n)

f (1’1, Loye ooy Ljyenn ’t%j;kd + (k‘d - Ud) ad) Jédd (l’d - tf;?kd - ad) .

Using Lemmas 2.1, 2.2, and 2.3 and 27-periodicity of the function f (x1,%2,...,X;,. ..

we successively get for ¢; =1,2,...
Yier (1-1) ook (631 kg (Ea—1)

[ /Hf Franl) = Fraaalf) =+ = Frsal)

- --fed;ad<f>||;;-dal...dad}

kl(fl 1 +1 ko 52 1 +1 ki(fi—l)-i-l kd(fd 1

sgf.gg?%;..@ YSEED DI DN Sl A A

j1=0 Jj2=0 Ji=0 Ja=0

l’l,xg,...,l’l,...,l'd)
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p

—Z ( )f(xl,...,xi 9+ (ka = va) ag)

’l)dl
d

. p
. H <JZZ (;(;Z — t%,kb — Cli)) dalda2 Ce dCLZ’ Ce dad}.dxldx2 Ce dﬂj‘l Ce dﬂj‘d

i=1

ot [

—Z < )f((l{;l—Ul)al,...,xi,...,xd)—...
_;(—l)vi(fj:)f(xl,...,(vi—ki)ai,,,,,xd)_...

p

(T1yen ey Ty ooy Tq)

d
— f(SL’l, N AN (]{Zd - Ud) ad) (le (SL’Z - ai))pdal c. .dad}.dxl .. .dl’d

i=1

gC(p)(61...£d)1_”-/_::/_:../_:.../_::HAfo(xl,@,...,xi,...,xd)Hz

d
T (2 ()" d hadha i d b

4 Conclusion

In this study, we established a new suitable operator for functions in L, ([O, 27T]d) .
The angular degree of the best approximation of f can reach zero using
k—mixed modulus of smoothness.
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