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Abstract

In this paper, we introduce the notion of (71, 72)x-closed sets.
Moreover, we investigate some properties of (71, 73)*-closed sets and
(71, T2)*-open sets.

1 Introduction

The notion of generalized closed sets was first introduced by Levine [11]. A
subset A of a topological space X is called generalized closed if C1(A) C U,
whenever A C U and U is open. Moreover, Levine [11] studied some proper-
ties of generalized closed sets and generalized open sets. In [13], the present
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authors introduced and investigated the notions of generalized (A, p)-closed
sets and generalized (A, p)-open sets. Some properties of generalized (A, a)-
closed sets, generalized dp(A, s)-closed sets, generalized (A, s)-closed sets and
generalized (A, sp)-closed sets were studied in [1], [2], [3] and [4], respectively.
Kelly [10] introduced the notion of bitopological spaces. Such spaces are
equipped with two topologies. Generalized closed sets and generalized open
sets are extended to bitopological spaces by Fukutake [7]. Dungthaisong et al.
[6] introduced and studied the notions of i, ,)-closed sets and fi(m, ,)-open
sets in bigeneralized topological spaces. Jafari and Rajesh [8] introduced and
investigated the notion of generalized closed sets with respect to an ideal in
ideal topological spaces. A subset A of an ideal topological space X is called
generalized closed with respect to an ideal if CI(A)—U € .#, whenever A C U
and U is open. Noiri and Rajesh [12] introduced and studied the notion of
generalized closed sets with respect to an ideal in ideal bitopological spaces.
In this paper, we introduce the notion of (77, 75 )*-closed sets. Moreover, we
discuss some properties of (71, 75)*-closed sets and (7, T3)x-open sets.

2 Preliminaries

Throughout the present paper, spaces (X, 71, 72) and (Y, 01,09) (or simply
X and Y') always mean bitopological spaces on which no separation axioms
are assumed unless explicitly stated. Let A be a subset of a bitopological
space (X, 71, 72). The closure of A and the interior of A with respect to 7; are
denoted by 7;-C1(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a
bitopological space (X, 11, 7) is called mymo-closed [5] if A = 71-Cl(72-C1(A)).
The complement of a 73m-closed set is called 7 7-0open. The intersection of
all 71m9-closed sets of X containing A is called the 73 72-closure [5] of A and
is denoted by 7175-Cl(A). The union of all 7375-open sets of X contained in
A is called the 7y mp-interior [5] of A and is denoted by 7 75-Int(A).

Lemma 2.1. [5] Let A and B be subsets of a bitopological space (X, 11, Ts).
For the m1o-closure, the following properties hold:

(1) A C 11a-Cl(A) and 1y72-Cl(Ty72-Cl(A)) = 1i12-CI(A).
(2) [fA Q B, then TlTQ—Cl(A) Q Tng—Cl(B).
(8) T112-Cl(A) is Ty 2-closed.

(4) A is Tima-closed if and only if A = m1y-Cl(A).
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(5) TlTQ—Cl(X - A) =X — 7172—[nt(A).

A nonempty collection .# of subsets of X is called an ideal [9] if satisfying
the following properties: (1) A € .# and B C A implies B € .#; (2) A€ .4
and B € . implies AUB € .¥.

3 Properties of (1, »)x-closed sets

In this section, we introduce the notion of (71, 79)*-closed sets. Moreover,
some properties of (17, 7o)*-closed sets and (71, 72)*-open sets are discussed.

Definition 3.1. Let (X, 7, 7) be a bitopological space and ¥ be an ideal on
X. A subset A of X is said to be (11, m2)x-closed if m1o-Cl(A) — U € &
whenever A C U and U 1s 1 T2-open.

Theorem 3.2. Let (X, 11, 7) be a bitopological space and & be an ideal on
X. A subset A of X is (11, T2)x-closed if and only if F' C 1y72-Cl(A) — A and
F is mymy-closed in X implies F € ¥

Proof. Let F be a 1ymp-closed set and F' C 775-Cl(A) — A. Then A C X — F.
By hypothesis, 775-Cl(A) — (X — F) € .#. Since F' C 1y15-Cl(A) — (X — F),
we have F € 7.

Conversely, suppose that F' C 775-Cl(A) — A and F' is 1y7o-closed in X
implies F' € .#. Let U be a mymp-open set and A C U. Then

TlTQ—Cl(A) — U = TlTQ—Cl(A) N (X — U)

is a 197 —2-closed in X, that is contained in 71 75-CI1(A)—A. By the hypothesis,
7179-Cl(A) — U € #. Thus A is (71, T2)*-closed. O

Theorem 3.3. Let (X, 11, 7) be a bitopological space and & be an ideal on
X. If A and B are (11, To)*-closed in X, then AU B is (11, T2)x-closed.

Proof. Suppose that A and B are (71, 73)x-closed. Let U be a 173-open set
and AUB C U. Then we have A C U and B C U. By the hypothesis,
7179-Cl(A) — U € & and my-Cl(B) — U € .#. Thus

7179-Cl(AU B) — U = [1»-Cl(A) — U] U [n1-Cl(B) — U] € .#.

This shows that AU B is (7, 72)*-closed. O
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Theorem 3.4. Let (X, 71,72) be a bitopological space and & be an ideal on
X. If Ais a (11, 2)*-closed set and F' is a 1yTo-closed set of X, then AN F
is (11, To)*-closed.

Proof. Let V be a mymp-open set and AUF C V. Then A C VU (X — F).
Since A is (71, 72)*-closed, we have 175-Cl(A) — (VU (X — F)) € .#. Now,
Tng-Cl(A N F) Q Tng—Cl(A) NF = (7’17’2-01(14) N F) — (X — F) Thus

TlTQ—Cl(Aﬁ F) -V Q TlTQ—Cl(A) NF— (v N (X - F))
Q TlTQ—Cl(A) - (VU (X - F)) € 5

and hence AN F' is (71, 75)*-closed. O

Theorem 3.5. Let (X, 71,72) be a bitopological space and & be an ideal on
X. If Ais (1, 2)*-closed in X and A C B C 1y15-Cl(A), then B is (11, To)*-
closed.

Proof. Let V be a mym-open set and B C V. Then, A C V. Since A is
(71, T2)*-closed, we have 7 75-Cl(A) =V € .#. Now B C 17»-Cl(A) implies
that T7o-Cl(B) — V C 1y719-Cl(A) — V € #. Thus B is (11, 72)*-closed. O

Definition 3.6. Let (X, 71, 7) be a bitopological space and ¥ be an ideal on
X. A subset A of X is said to be (11, Ty)*-open if X — A is (11, To)*-closed.

Theorem 3.7. Let (X, 11, 72) be a bitopological space and & be an ideal on
X. A subset A of X is (11, 2)x-open if and only if ' —V C my1o-Int(A) for
someV € &, whenever F C A and F is T1m5-closed.

Proof. Let F be a 1ymo-closed set and F' C A. Then we have X — A C X — F.
By the hypothesis, 7175-Cl(X — A) C (X — F) UV for some V € .#. Thus
X—(X=F)UV)C X —nmn-Cl(X — A) and hence FF —V C my7p-Int(A).

Conversely, let G be a 7y mp-open set and X — A C G. Then X — G C A.
By the hypothesis, (X — G) =V C mn-Int(A) = X — 17-Cl(X — A) for
some V' € . This gives that X — (GUV) C X —m7»-Cl(X — A). Therefore,
T17-Cl(X — A) C GUV for some V € .#. Thus 7-Cl(X — A) — G € 4.
This shows that X — A is (71, 7o)*-closed and hence A is (71, 7)*x-open. [

Theorem 3.8. Let (X, 71,72) be a bitopological space and & be an ideal on
X. If A and B are (11, T9)*-open sets of X such that 7175-Cl(A)N B =0 and
T179-Cl(B) N A =0, then AU B is (11, 2)x-open.
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Proof. Let F be a 1ymo-closed set and ' C AU B. Then 1y7o-Cl(A)NF C A
and 7 75-Cl(B)NE C B. By the hypothesis, 7 72-Cl(A)NF—U C my7p-Int(A)
and 7 7-Cl(B) N F — V C my1o-Int(B) for some U,V € .#. This means that
TlTQ—Cl(A) NnF — T1T2—Il'lt(A) € £ and TlTQ—Cl(B) NF — TlTQ—IIlt(B) € 7.
Thus [(7172-Cl(A) N F — 7y mp-Int(A)) U (1 72-Cl(B) N F — myo-Int(B))] € &
and hence [F N (7'17'2—01(14) U TlTQ—Cl(B)) - (TlTQ—IIlt(A) U 7'17'2—Int(B))] S L.
Since F'=(AUB)NF C 1y15-Cl(AU B) N F, we have

F —nm-Int(AU B) C [m7-Cl(AU B) N F] — myme-Int(A U B)
Q [(TlTQ—Cl(A U B) N F) — (Tng—Il'lt(A) U TlTQ—IIlt(B>)] € j

and hence F'—G C mymo-Int(AU B) for some G € .#. This proves that AUB
is (11, T2)*-open. O

Theorem 3.9. Let (X, 11, 7) be a bitopological space and & be an ideal on
X. If Ais (11, 72)x-open in X and Tymo-Int(A) C B C A, then B is (11, 72)*-

open.

Proof. Suppose that A is (11, 72)x-open and 7Ty7o-Int(A) € B C A. Then
X-—ACX—-BCrnCl(X—A)and X — A is (1, 72)*closed. By Theorem
3.5, X — B is (71, 7)*-closed and hence B is (71, 73)*-open. O

Theorem 3.10. Let (X, 71, 7) be a bitopological space and & be an ideal
on X. A subset A of X is (11, Te)k-closed if and only if T175-Cl(A) — A is
(71, T2 )*-0pen.

Proof. Suppose that F' C 1y75-Cl(A) — A and F is 1y7»-closed. Then we have

F € . This implies that F' —V = () for some V € 4. Thus F — V C

71 7o-Int (7 72-Cl(A) — A). By Theorem 3.7, 7y72-Cl(A) — A is (71, Ta)*-open.
Conversely, let V' be a 7 m-open set and A C V. Then

TlTQ—Cl(A) N (X — V) Q TlTQ—Cl(A) N (X — A) = TlTQ—Cl(A) — A
By the hypothesis, [172-Cl(A) N (X = V)] — G C mymo-Int(m7-Cl(A) — A) =

0 for some G € #. Thus m-Cl(A) N (X — V) C G € .# and hence
7172-Cl(A) — G € #. This shows that A is (71, To)*-closed. O
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