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Abstract

In this paper, we introduce the notion of (71, 73)-extremally dis-
connected spaces. Moreover, we establish some characterizations of
(11, 72)-extremally disconnected spaces.

1 Introduction

The notion of extremally disconnected spaces was introduced by Stone [9].
A topological space X is called extremally disconnected if the closure of
every open set of X is open or equivalently if the interior of every closed
set of X is closed. Extremally disconnected spaces play a prominent role
in set-theoretical topology, in the theory of Boolean algebras, and in some
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branches of functional analysis. Sivaraj [8] obtained some characterizations
of extremally disconnected spaces by utilizing smi-open sets. Noiri [7] inves-
tigated several characterizations of extremally disconnected spaces by utiliz-
ing preopen sets and semi-preopen sets. Ekici and Noiri [5] introduced and
studied the notion of x-extremally disconnected ideal topological spaces. Fur-
thermore, Ekici and Noiri [5] showed that x-extremally disconnectedness and
extremally disconnectedness are equivalent for a codense ideal. Viriyapong
and Boonpok [10] introduced and studied the notion of (A, p)-extremal dis-
connectedness in topological spaces. Moreover, Kong-ied and Boonpok [6]
investigated some characterizations of (A, p)-extremally disconnected spaces.
Several characterizations of (A, s)-extremally disconnected spaces and Agp,-
extremally disconnected spaces were established in [1] and [2], respectively. In
this paper, we introduce the notion of (7, 73)-extremally disconnected spaces.
In particular, we investigate some characterizations of (71, 73 )-extremally dis-
connected spaces.

2 Preliminaries

Throughout the present paper, spaces (X, 7, 72) and (Y, 01,09) (or simply
X and Y') always mean bitopological spaces on which no separation axioms
are assumed unless explicitly stated. Let A be a subset of a bitopological
space (X, 71, 72). The closure of A and the interior of A with respect to 7; are
denoted by 7,-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a
bitopological space (X, 71, 7) is called myme-closed [4] if A = 71-Cl(12-Cl(A)).
The complement of a 73m5-closed set is called 7 m-0open. The intersection of
all 7179-closed sets of X containing A is called the 73 72-closure [4] of A and
is denoted by 7375-Cl(A). The union of all 7y m»-open sets of X contained in
A is called the 1 m9-interior [4] of A and is denoted by 7 7o-Int(A).

Lemma 2.1. [4] Let A and B be subsets of a bitopological space (X, 11, Ts).
For the my1o-closure, the following properties hold:

(1) A C 11a-Cl(A) and 1y72-Cl(Ty12-Cl(A)) = 1i12-CI(A).
(2) If A C B, then 1im-Cl(A) C m1m-CUB).

(3) Tira-Cl(A) is T1m-closed.

(4) A is ima-closed if and only if A = mme-Cl(A).

(5) Timo-Cl(X — A) = X — Tymo-Int(A).
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A subset A of a bitopological space (X, 71, 72) is said to be (7, 72)s-open
[3] (resp. (71, 72)p-open [3], (11, 72)B-open [3]) if A C m7o-Cl(my7-Int(A))
(resp. A C 1my-Int(779-Cl(A)), A C 172-Cl(7179-Int (71 72-CL(A)))). A sub-
set A of a bitopological space (X, 71, 72) is called (71, 72)r-open [11] (resp.
(11, T2)7-closed) if A = T17o-Int(m72-Cl(A)) (resp. A = 17o-Cl(Ti72-Int(A))).
A subset A of a bitopological space (X, 7, 72) is said to be a(r, 72)-open if
A C myro-Int(m7o-Cl(7y 72-Int (A))).

3 On (1, )-extremally disconnected spaces

In this section, we introduce the notion of (71, 75)-extremally disconnected
spaces. Moreover, we discuss several characterizations of (71, 73)-extremally
disconnected spaces.

Definition 3.1. A bitopological space (X, 11, T2) is said to be (11, 79)-extremally
disconnected if the Timo-closure of every Tyo-open set U of X is T75-open.

Theorem 3.2. For a bitopological space (X, T, T2), the following properties
are equivalent:

(1) (X, 11,72) is (11, T2)-extremally disconnected.

(2) TiTo-Int(F') is TyTa-closed for every TiTo-closed set F' of X .

(3) T172-Cl(Timo-Int(A)) C Ti72-Int(1172-CI(A)) for every subset A of X.
(4) Every (11, 72)s-open set of X is (71, T2)p-open.

(5) The T119-closure of every (i, T2)[-open set of X is T1T9-open.

(6) Every (11, T2)3-open set of X is (11, T2)p-open.

(7) For every subset A of X, A is a1y, T2)-open if and only if it is (11, T2)s-
open.

Proof. (1) = (2): Let F be a my7-closed set. Then X — F'is 1ymp-open and
by (1), m7-Cl(X — F) = X — 1ymo-Int(F) is 7y mp-open. Thus 7 7o-Int(F) is
T179-closed.

(2) = (3): Let A be any subset of X. Then X —775-Int(A) is 7y 72-closed
and by (2), 71 7o-Int(X —m7o-Int(A)) is 7y 7o-closed. Thus 71 79-Cl(772-Int(A))
is Ty7o-open and hence 7 75-Cl(Ty7o-Int(A)) C 7 7o-Int (7 75-CL(A)).
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(3) = (4): Let U be a (11, 72)s-open set. By (3), we have
U C m1o-Cl(my7o-Int(U)) C myre-Int(m-Cl(U)).

Thus U is (11, T2)p-open.
(4) = (5): Let U be a (71, ) f-open set. Then 775-CL(U) is (71, T2)s-open
and by (4), m72-Cl(U) is (71, 72)p-open. Thus

TlTQ—Cl(U) Q T1T2—Il'lt(TlT2—Cl(U)>

and hence 1175-Cl(U) is 73 m2-0open.
(5) = (6): Let U be a (11, 72)B-open set. Then by (5),

T172-Cl(U) = 1y mo-Int (1 72-C1(U)).

Thus U C 11712-Cl(U) = 1y 7o-Int (7 75-C1(U)) and hence U is (71, T2)p-open.
(6) = (7): Let U be a (1, 72)s-open set. Since a (71, Ty)s-open set is
(11, 2)B-open, thus by (6) it is (71, 72)p-open. Since U is (71, 72)s-open and
(11, To)p-open, U is a(1, T2)-open.
(7) = (1): Let U be a mym-open set. Then m7o-Cl(U) is (11, 72)s-open
and by (7), m7-Cl(U) is a(7, 72)-open. Thus

T172-Cl(U) C 7y 79-Int (71 79-Cl(1y 7o-Int (11 72-CL(U)) ) ) = 1y 7o-Int (71 72-C1(U))

and hence 1172-Cl(U) = mmo-Int(7172-C1(U)). Therefore, m75-Cl(U) is 77~
open. This shows that (X, 71, 7) is (71, 72)-extremally disconnected. O

Theorem 3.3. For a bitopological space (X, 11, 72), the following properties
are equivalent:

(1) (X, 71,7) is (11, T2)-extremally disconnected.

(2) Tim2-Cl(U) N 1y12-CUV) = (O for every mimg-open sets U and V' with
unv =0;

(8) TiTo-Cl(U) N 111a-Cl(V') C mma-CUU N'V) for every myma-open sets U
and V' ;

(4) T172-Cl(TiTa-Int(1172-Cl(A))) N T172-CUU) = O for every subset A C X
and every Ty Ty-open set U with ANU = (.
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Proof. (1) = (3): Let U and V' be mm-open. Since m7-Cl(U) and V are
T1T2-0pen,

Tng—Cl(U) N TlTQ—Cl(V) Q Tng-Cl(TlTQ-Cl(U) N V)
C nn-Cl(m-ClHUNV)) C re-CL{U N V).

Thus 7 72-Cl(U) N 17-Cl(V) C mrp-CL{U N V).
(3) = (2): Let U and V be 1ym-open with U NV = ). By (3), we have
71 7o-CL{U) N y1o-Cl(V) C 17o-CLU N V) C 172-C1(D) = (. Thus

Tng—Cl(U) N TlTQ-Cl(V) = @

(2) = (4): Let A C X and U be a mymp-open set with ANU = (). Since
71 To-Int (11 72-C1(A)) is 1yme-open and 7172-Int(772-Cl(A)) N U = 0, by (2),
71 72-Cl(11 7o-Int (11 72-C1(A) )) N 1y7-CLU ) = 0.

(4) = (2): Let U and V be mym-open with U NV = (. By (4), we
have T1T2—CI(T1T2—Il'lt(Tng—Cl(U>)) N TlTQ—Cl(V) = (Z) Since T1T2—CI(U> Q
71 To-Cl(Ty1o-Int (11 72-C1(U))), 71 72-CL{U) N 1y 72-CL(V') = 0.

(2) = (1): Let U be a mym-open set. Since U and X — 77-Cl(U) are
disjoint 7y 75-open sets. Then 71 75-Cl(U) N7y 72-Cl(X — 7 72-CL(U)) = (). This
implies that 7 7-Cl(U) C myme-Int(m72-Cl(U)). Thus 71 75-Cl(U) is 71 75-0pen
and hence (X, 71, 7) is (71, T2)-extremally disconnected. O

Theorem 3.4. For a bitopological space (X, 11, 7), the following properties
are equivalent:

(1) (X, 11,72) is (11, 72)-extremally disconnected.
(2) Every (11, To)r-open set of X is 1To-closed.

(8) Every (11, To)r-closed set of X is Ti1a-open.
Proof. (1) = (2): Let U be a (11, 7o)r-open set of X. Since U is 7 7o-open,
by (1), m7o-Cl(U) is myme-open. Thus U = my7o-Int (1 72-Cl(U)) = 7y 72-Cl(U)
and hence U is 1 7m-closed.
(2) = (1): Let U be a mymp-open set of X. Since 7 7o-Int(mme-CL(U)) is
(11, 72)r-open and by (2), 7y 7o-Int(m7-CL(U)) is 71 72-closed. Thus

TlTQ—Cl(U) Q T1T2—C1(T1T2—Il'lt(Tng—Cl(U))) = T1T2—Il'lt(TlT2—Cl(U>>
and hence 17o-Cl(U) is mym-open. This shows that (X, 7, 72) is (71, 72)-

extremally disconnected.
(2) < (3): Obvious. O
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