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Abstract

In this article, we deal with the notions of weakly s(A,p)-open
functions and weakly s(A, p)-closed functions. Moreover, we establish
several characterizations of weakly s(A, p)-open functions and weakly
s(A, p)-closed functions.

1 Introduction

In 1984, Rose [11] introduced and studied the notions of weakly open func-
tions and almost open functions. Rose and Jankovi¢ [10] investigated some of
the fundamental properties of weakly closed functions. In 2004, Caldas and
Navalagi [5] introduced two new classes of functions called weakly preopen
functions and weakly preclosed functions. Weak preopenness (resp. weak
preclosedness) is a generalization of weak openness (resp. weak closedness).
In 2006, Caldas et al. [4] introduced and investigated the notions of weakly
semi-f-open functions and weakly semi-f-closed functions. Noiri and Popa

Key words and phrases: Weakly s(A, p)-open function, weakly
s(A, p)-open function.

AMS (MOS) Subject Classifications: 54A05, 54C10.

The corresponding author is Chalongchai Klanarong.

ISSIN 1814-0432, 2024, http://ijmes.future-in-tech.net



810 C. Khanarong, C. Boonpok

[9] studied a new class of functions called M-closed functions as functions de-
fined between sets satisfying some conditions. In 2008, Caldas and Navalagi
[3] presented the class of weak d-openness (resp. weak d-closedness) as a new
generalization of J-openness (resp. d-closedness) and investigated several
characterizations of weakly d-open functions and weakly d-closed functions.
In [1], the present authors introduced and studied the notions of weakly
p(A, p)-open functions and weakly p(A, p)-closed functions. Some character-
izations of weakly b(A, p)-open functions and weakly §(A, p)-open functions
were investigated in [6] and [13], respectively. Furthermore, several char-
acterizations of (A, p)-closed functions and weakly §(A,p)-closed functions
were established in [7] and [8], respectively. In this article, we introduce
the notions of weakly s(A, p)-open functions and weakly s(A, p)-closed func-
tions. In particular, we discuss some characterizations of weakly s(A, p)-open
functions and weakly s(A, p)-closed functions.

2 Preliminaries

A subset A of a topological space (X, 7) is called (A, p)-closed [2] if A =
T NC, where T is a Aj-set and C' is a preclosed set. The complement of a
(A, p)-closed set is called (A, p)-open. The family of all (A, p)-open sets in
a topological space (X, 7) is denoted by A,O(X, 7). Let A be a subset of a
topological space (X, 7). A point z € X is called a (A, p)-cluster point [2]
of Aif ANU # 0 for every (A, p)-open set U of X containing x. The set
of all (A, p)-cluster points of A is called the (A,p)-closure [2] of A and is
denoted by AP). The union of all (A, p)-open sets of X contained in A is
called the (A, p)-interior [2] of A and is denoted by A(r,). A subset A of
a topological space (X, 7) is said to be s(A,p)-open [2] (resp. p(A,p)-open,
a(A, p)-open [14], r(A, p)-open [2]) if A C [Ap ] PP (vesp. A C [ADNP)] ),
A C [[Aap))®P]ap), A =[ANP)]4 ). The complement of a s(A,p)-open
(resp. p(A,p)-open, a(A,p)-open, (A, p)-open) set is called s(A, p)-closed
(resp. p(A,p)-closed, a(A,p)-closed, r(A, p)-closed). The intersection of all
s(A, p)-closed sets of X containing A is called the s(A,p)-closure of A and
is denoted by A*“P). The union of all s(A,p)-open sets of X contained in
A is called the s(A,p)-interior of A and is denoted by Agn,). A subset
A of a topological space (X,7) is called §(A,p)-closed [2] if A = AP,
The complement of a (A, p)-closed set is said to be (A, p)-open. A point
r € X is called a (A, p)-interior point [12] of Aif z € U C UM C A for
some U € A,O(X, 7). The set of all §(A, p)-interior points of A is called the
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O(A, p)-interior [12] of A and is denoted by Aga p)-

Lemma 2.1. [12] For subsets A and B of a topological space (X,T), the
following properties hold:

(]) X — AG(A’p) = [X — A]Q(A’p) and X — A@(AJJ) = [X — A]G(A’p).
(2) Ais O\, p)-open if and only if A = Ag(ap)-

(3) A g A(A’p) g AG(A’p) and AQ(A’p) g A(A,p) g A.

(4) [fA - B, then AQ(A’p) - BQ(A’p) and AG(A,p) - BQ(AJJ).

(5) If A is (A, p)-open, then ANP) = A9(Ap),

3 Characterizations of weakly s(A, p)-open func-
tions

In this section, we introduce the notion of weakly s(A,p)-open functions.
Moreover, some characterizations of weakly s(A,p)-open functions are dis-
cussed.

Definition 3.1. A function f: (X, 7) = (Y, 0) is said to be weakly s(A,p)-
open if f(U) C [f(UNP)] ) for each (A, p)-open set U of X.

Theorem 3.2. For a function f : (X,7) = (Y,0), the following properties
are equivalent:

(1) f is weakly s(A, p)-open;
(2) f(Agap) C [f(A)lsp for every subset A of X;
(3) [f7H(B)loap) € f 1 (Bsay)) for every subset B of Y';
(4) f7HB*AP) C [f~1(B)]PP) for every subset B of Y.
Proof. The proof follows from Theorem 3.2 of [6]. O

Theorem 3.3. Let f : (X,7) — (Y,0) be a bijective function. Then the
following properties are equivalent:

(1) f is weakly s(A, p)-open;
(2) [f(U)]PAP) C F(UNP) for every (A, p)-open set U of X ;
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(3) [f(Knp)*™P) C f(K) for every (A, p)-closed set K of X.
Proof. The proof follows from Theorem 3.2 of [1]. O

Theorem 3.4. For a function f : (X, 1) — (Y, 0), the following properties
are equivalent:

(1) f is weakly s(A,p)-open;

(2) for each x € X and each (A, p)-open set U of X containing x, there ex-
ists a s(A\, p)-open set V of Y containing f(x) such that V C f(UWP),

Proof. (1) = (2): Let x € X and U be any (A, p)-open set of X containing
z. Since f is weakly s(A,p)-open, f(z) € f(U) C [f(UNP)]44,). Put
V= [f(U(A’p))]s(A,p), then V is a s(A, p)-open set of Y containing f(z) such
that V C f(UWP).

(2) = (1): Let U be any (A, p)-open set of X and y € f(U). It follows
from (2) that V C f(UP) for some s(A, p)-open set V of Y containing y.
Thus y € V C [f(UMP)]a) and hence f(U) C [f(UNP)]ga ). This shows
that f is weakly s(A, p)-open. O

The proof of the following theorem is straightforward and thus is omitted.

Theorem 3.5. For a function f: (X,7) — (Y,0), the following properties
are equivalent:

(1) f is weakly s(A,p)-open;
(2) f(K

(
(3) S
(
(

(Ap)
U4 )
Lo
LF(U

C [f(K)]sp) for every (A, p)-closed set K of X;
Ap) C [f(U(A’p))]S(A,p) for every (A, p)-open set U of X;

(4) f(U) ’p))]s(Am) for every p(A, p)-open set U of X;

C
(5) f(U) C AN gap) for every a(A, p)-open set U of X.

4 Characterizations of weakly s(A, p)-closed func-
tions

We begin this section by introducing the notion of weakly s(A,p)-closed
functions.
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Definition 4.1. A function f: (X,7) = (Y, 0) is said to be weakly s(A, p)-
closed if [f(K(A,p))]S(A’p) C f(K) for each (A, p)-closed set K of X.

Theorem 4.2. For a function f: (X,7) — (Y, 0), the following properties
are equivalent:

(1) f is weakly s(A,p)-closed;
(2) [f())PAr) C F(UADP)) for every (A, p)-open set U of X.
Proof. The proof follows from Theorem 4.1 of [1]. O

Theorem 4.3. For a function f : (X,7) — (Y, 0), the following properties
are equivalent:

(1) f is weakly s(A, p)-closed;

(2) [FU)F A9 C FUAD) every (A, p)-open set U of X;

(3) [ (Kam)IO € F([Kp )& every (A,p)-closed set K of X
(4) (K" C F([Knp) M) every r(A,p)-closed set K of X;
(5) [ (Kap)"@ C F(K) every p(A, p)-closed set K of X;

(6) [J(Knp)l*™9 C f(K) every a(A, p)-closed set K of X.

Proof. (1) = (2): The proof follows from Theorem 4.2.

(2) = (3): Let K be any (A, p)-closed set of X. Then K, p is (A, p)-open
in X and by (2), [f(K@p)*™? C f([Kap] ™).

(3) = (4): This is obvious since every (A, p)-closed set is (A, p)-closed.

(4) = (5): Let K be any p(A, p)-closed set of X. Then we have [Kx ,,)]“?) C
K. Since [Ky )] is r(A, p)-closed, by (4), [f (Kap)]* ™ C [F([Kap]™P)am)* ™ C
P @ P& = F(K ] 09).

(5) = (6): This is obvious since every a(A, p)-closed set is p(A, p)-closed.

(6) = (1): Let K be any (A, p)-closed set of X. Then K is a(A, p)-closed
in X. Using (6), we have [f(K(p)*™? C f(K). This shows that f is
weakly s(A, p)-closed. O
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