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Abstract

In this paper, our main goal is to introduce the concept of
SAs-connected spaces. Moreover, we investigate some properties of
SAs-connected spaces.

1 Introduction

The concept of semi-open sets was first introduced by Levine [4]. Velicko [10]
introduced d-open sets, which are stronger than open sets. Park et al. [5] of-
fered a new notion called d-semiopen sets which are stronger than semi-open
sets but weaker than d-open sets and investigated the relationships among
several types of these open sets. Caldas et al. [3] investigated some weak sep-
aration axioms by utilizing d-semiopen sets and the d-semiclosure operator.
Moreover, Caldas et al. [2] investigated the notion of §-As-semiclosed sets
which is defined as the intersection of a 6-As-set and a d-semiclosed set. In [1],
the present authors introduced and investigated the concept of (A, s)-closed
sets by utilizing the notions of Aj-sets and semi-closed sets. Srisarakham
and Boonpok [9] introduced and studied the notions of §(A, s)-closed sets
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and 0(A, s)-open sets. Pue-on and Boonpok [7] introduced and investigated
the concepts of ds(A, s)-open sets and ds(A, s)-closed sets. In this paper,
we introduce the concept of SA,-connected spaces. In particular, several
properties of SA -connected spaces are discussed.

2 Preliminaries

Let A be a subset of a topological space (X, 7). A subset A is called s(A, s)-
open (resp. p(A,s)-open, a(A, s)-open, B(A, s)-open)[1] if A C [Axp 5]
(resp. A C [AMI] o, A C [[An) s, A C [[AN] 4 o]*)). The
family of all s(A, s)-open (resp. p(A, s)-open, a(A, s)-open, (A, s)-open) sets
in a topological space (X, 7) is denoted by s(A, s)O(X, 7) (resp. p(A, s)O(X, 1),
a(A,s)O(X, 1), B(A,s)O(X,7)). The complement of a s(A,s)-open (resp.
p(A, s)-open, a(A,s)-open, S(A,s)-open) set is called s(A,s)-closed (resp.
p(A, s)-closed, a(A, s)-closed, B(A, s)-closed). The intersection of all s(A, s)-
closed sets containing A is called the s(A, s)-closure of A and is denoted by
As3) A subset A is called s(A, s)-regular if A is s(A, s)-open and s(A, s)-
closed. The family of all s(A, s)-regular sets in a topological space (X, 7) is
denoted by s(A, s)r(X, 7). A point z of X is called a §(A, s)-cluster point [9]
of Aif AN[UN] ) # 0 for every (A, s)-open set U of X containing z. The
set of all 0(A, s)-cluster points of A is called the 0(A, s)-closure [9] of A and
is denoted by A%Ms). A subset A is called §(A, s)-closed [9] if A = A%A),
The complement of a §(A, s)-closed set is said to be d(A, s)-open. A subset A
is called ds(A, s)-open [7] if A C [A,5]°™*). The complement of a ds(A, s)-
open set is called ds(A, s)-closed. The family of all §s(A, s)-open sets in a
topological space (X, 7) is denoted by ds(A, s)O(X, 7). A point = of X is
called a 0s(A, s)-cluster point [7] of A if ANU # () for every ds(A, s)-open
set U of X containing z. The set of all s(A, s)-cluster points of A is called
the s(A, s)-closure [7] of A and is denoted by A%(A-),

3 Properties of SA;-connected spaces

In this section, we introduce the concept of SA,-connected spaces. Moreover,
we investigate some properties of SA,-connected spaces.

Definition 3.1. A topological space (X, T) is called SAs-connected if X can-
not be expressed as a disjoint union of two nonempty s(A, s)-open sets.
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Lemma 3.2. [8] For a subset A of a topological space (X, T), the following
properties hold:

(1) If A is a s(A, s)-regqular set, then it is ds(A, s)-open.
(2) If A is a §s(A, s)-open set, then it is s(A, s)-open.
(3) If A is a s(A, s)-open set, then A*M*) is s(A, s)-regular.

Lemma 3.3. [8] Let (X, 7) be a topological space. Then, V03(As) = /9s(As) —
V) for each V € s(A, s)O(X, 7).

Theorem 3.4. For a topological space (X, T), the following properties are
equivalent:

(1) VO3 = X for every nonempty (A, s)-open set V of X ;
(2) (X, 1) is SAs-connected;

(8) X cannot be expressed by the disjoint union of two nonempty ds(A, s)-
open sets;

(4) VW3 = X for every nonempty ds(A, s)-open set V of X.

Proof. (1) < (2): The proof follows from Theorem 4.3 of [6].

(2) = (3): Suppose that there exist two nonempty ds(A, s)-open sets
Vi, Vo such that Vi N'Vy, = ) and V; UV, = X. Since ds(A, s)O(X,7) C
s(A, s)O(X, 7), this shows that (X, 7) is not SAs-connected.

(3) = (4): Suppose that Vs £ X for some nonempty ds(A, s)-open
set V of X. Then X — VW) £ () and X = (X — V¥Ws)) Yy V95(hs) - Since
§s(A, 8)O(X, 1) C s(A,s)O(X,7) by Lemma 3.2 and Lemma 3.3 V%) =
Vs e s(A, s)r(X, ). Moreover, since s(A,s)r(X,7) C ds(A,s)O(X, 1),
(X — VoA9)) and VA9) are §s(A, s)-open.

(4) = (1): Let V be any nonempty (A, s)-open set of X. Then, V)
is r(A, s)-closed and hence s(A, s)-regular. Thus, V") is §s(A, s)-open and
X = [V(A,s)]és(A,s) — [V(A,s)]s(A,s) — V(A,s)‘ m

Theorem 3.5. For a topological space (X, T), the following properties are
equivalent:

(1) (X,7) is SAs-connected;

(2) VW9 = X for every nonempty V € B(A, s)O(X, 7);
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(3) VW) = X for every nonempty V € s(A,s)O(X,7);
(4) VW) = X for every nonempty V € p(A, s)O(X, 7);
(5) VOWs) = X for every nonempty V € a(A, s)O(X,T);
(6) VN9 = X for every nonempty V € (A, s)O(X, 7).

Proof. (1) = (2): Let V be any nonempty (A, s)-open set and U be any
nonempty ds(A, s)-open set. Then, [V X)) o = 0 and Uy 5 # 0. Thus, by
Theorem 3.4,

0# Uas N [V(A’s)](Avs) cun [V(A’S)](A,s)
CUNVUVOI) ) =UNVE) Cunyosts,

Since U € ds(A,s)O(X,7), UNV # . This shows that VW) = X
(6) = (1): Let U,V be any nonempty ds(A, s)-open sets. Since

0s(A,s)O(X, 1) C s(A,5)O(X, 1)

and V(a ¢ # 0, we have ) # UNV(x ) € UNV. This shows that Vos(hs) — X
for every nonempty V' € ds(A, s)O(X, 7). Thus, by Theorem 3.4, (X, 7) is
SA-connected.

The other implications are obvious since (A, s)O(X, 7) C a(A, s)O(X, 1) C
s(A, s)O(X, 7)Np(A, s)O(X, 7) and s(A, s)O(X, T)Up(A s)O(X, 1) C B(A, s)O(X,

0

Corollary 3.6. For a topological space (X, T), the following properties are
equivalent:

(1) (X, 1) is SAg-connected;

(2) UNV #0 for any nonempty sets U € B(A, s)O(X,7) and
Ve ds(A,s)O(X,T);

(3) UNV #0 for any nonempty sets U € p(A, s)O(X, T) and
Ve ds(A,s)O(X,T);

(4) UNV #0 for any nonempty sets U € s(A,s)O(X, 1) and
Ve ds(A,s)O(X,T);

(5) UNV #0 for any nonempty sets U € a(A, s)O(X,7) and
Ve ds(A,s)O(X,T);

7).
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(6) UNV #0 for any nonempty sets U € (A, s)O(X,7) and
Ve ds(A,s)O(X,T);

(7) UNV #£0 for any nonempty sets U € ds(A, s)O(X,T) and
V e ds(A,s)O(X, 7).

Proof. This is an immediate consequence of Theorems 3.4 and 3.5. O
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