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Abstract

In this paper, we define the bi-periodic k-Pell sequence. We obtain
Binet’s formula, some identities of the bi-periodic k-Pell sequences like
Catalan, Cassini and D’Ocagne’s identities as well as some related
summation formulas.

1 Introduction

For any natural number n and non-zero real numbers a and b, bi-periodic
Fibonacci sequence was defined recursively by Edson and Yayenie [1] as

aQn_1+ Qn_2, if n is even
qn = . . n> 2
bgpn—1+ Gn—a, if n isodd,

with initial condition ¢y = 0,¢; = 1. Bi-periodic Lucas sequence was defined
recursively by Bilgici [2] as

alp,—1 4+ l,—9, ifn is even
" bly + 1y, ifn s odd,

n>2
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with initial condition [y = 2,{; = a. In [3], Uygun and Owusu defined bi-
periodic Jacobsthal sequence as

Jo=0,J1=1,J, = 0n-1 +2Jns, %f S )
bJn_1+2J,_5, ifn isodd,

Uygun and Karatas [4] defined bi-periodic Pell-Lucas sequence as

200, - n—2, if is odd
Qo=2,Q1 =2a,Q, = @n-1 + @n- 1n %SO n > 2.
20Q,—1 + Qn—2, if n s even,

In [1, 2, 3, 4], the Binet’s formula, identities such as Catalan, Cassini and
the D’Ocagne’s as well as some related summation formulas were also given.
In this paper, we define bi-periodic k-Pell sequence and some identities are
also given.

2 Main results

Definition 2.1. Let k be a positive real number. For any two non-zero real
numbers a and b where ab does not contain any values belonging to the inter-
val [—k, 0], the bi-periodic k-Pell sequence, denoted by { Py}, is defined
recursively by

20P; 1+ kPyp—2, ifn is odd,
n
2P 1 + kPyp—2, if n is even,

> 2.

Pk,OZOaPk,lzlaPk,n:{

The first five elements of the bi-periodic k-Pell sequence are
Pk70 = O,Pk71 = I,Pk72 = Qb, Pk73 = 4(1,6 + k‘,PkA = 4b(2ab+ k’)

When a = b = k = 1, we have a Pell sequence. If we set a = b = 1, for
some positive real number k, we get a k-Pell sequence. If £ = 1, for some
non-zero real number a and b, we get a bi-periodic Pell sequence. From
the above definition,we have the nonlinear quadratic equation for bi-periodic
k-Pell sequence by

2* — dabx — dabk =0 (2.1)

with roots a and 3 defined by

a:2<ab+\/m),5:2<ab—\/m).
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2
Note that af = —4abk, (o + k)(8 + k) = k*,ab(a + k) = az, ab(f + k) =
2

Z,a(ﬁ + k) = —k@.

Lemma 2.2. For any positive real number k, the bi-periodic k-Pell sequence
satisfies the following properties

(Z) Pk,2n = (4ab + 2]{;)Pk’2n_2 — ]{Z2f)].€72n_47
(ZZ) Pk,2n+1 = (4ab + 2k)P]€72n_1 — k‘zpkgn_g.

Proof. By using definition 2.1,

(1) Pron = 4abPyon—2 + 2bk Py on—3 + k Py 0n—2 = (4ab+2k) Py on—2 — k* Py 254

(ii)Pk,gn_H = 4abPk,2n_1+2akPk,2n_2+kPk72n_1 = (4ab + 2]€) Pk,2n—1_k2pk,2n—3-
O

Theorem 2.3. The generating function for the bi-periodic k-Pell sequence
s given by
z(1 + 2bx — ka?)

P(x) = .
(z) 1 — (4ab + 2k)x? + K2zt

(2.2)

Proof. The generating function P(x) = Y7 Ppom@®™+Y oo Prome1z®™ !
is divided into two parts (even and odd). The even and odd parts of the se-
ries are denoted by Py(z) and Pj(x), respectively. We have Py(z) = 2bx? +
S Proma®™ and Pi(z) = x4 (4ab + k)a® 4+ > 07, Prom+12*™ . Then
202* x — ka?
P = d P = .
o) 1— (4ab + 2k)a? + k2t (@) 1 — (4ab + 2k)x? + k22

z(1+4+2bz—kx?
Thus P(e) = riieke) -

Theorem 2.4. (Binet’s Formula) For any positive real number k and natu-
ral number n, the bi-periodic k-Pell sequence is given by the following

@y fan g
Hm_(@mwj<a—ﬁ)’ 23

where the parity function

0, if n is even
§(n) = L
1, if n is odd

and
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Proof. The generating function P(x) can be expressed using partial fraction
decomposition as:

akr o? —Bkx n 52
1 |Ba % ) B-o ()
Pl =2 @tk T, (B+h
R TR

The Maclaurin series expression of the function is expressed in

the form
Az + B

2 - C

0 0
— § Ac—n—len-‘rl _ E Bc—n—ll,Zn’

the generating function P(z) can be expanded as:

ro=s| -5 (%) () - S ate) (F)

n=0 n=0
o) 5]{: ﬁ‘l‘k —n—1 . o] 52 5—|—]€ —n—1 .
_;<_6—a)< K ) - H_;(?a(ﬂ—a))( K ) x]

By (o + k)(B + k) = k2, ab(a + k) = O‘;,ab(ﬁ +k) = %a(ﬁ +k) = —kp

and the definition of {(n), we have

B 1 k2 & 52714—1 o a2n+l _ 2bk2 > BZn o a2n on
P(z)_ﬁlﬂ—a ( (4ab)™ )x ++ﬁ—anz:%< (4ab)™ )x ]
(26)1—§(n) a — 571 .
( . )x |

. 00 n 00 2b)1=€(n) [ qn_pgn n
Since P(e) = 2o Pent”™ = 20 ((4ib)L77LJ ( a—g ) 2", then

e (027
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Theorem 2.5. The limit of every two consecutive terms of bi-periodic k-Pell
sequences are

Py on . Py
lim —e2 @ g lim e = 4 (2.4)

n—oo Py oy 2b’ n—oo Ppon_1  2a

Proof. By Binet’s formula and lim (ﬁ) = 0, we have

n—oo \ (X
(2b)1—£(2n+1) <a2"+1—52"+1> 3 2n+1
- o 1— (2
lim TRt _ (4ab) | 5~ ’ L Jim <a) a
11m — 1m = — e
n—oo Pk,2n n—00 (2b)1—5(2n) <a2”—62"> 2b n—oo 1 1 <6>2n 2’
(4ab)L27nJ af a o \o
(2b)1—§(2n) (azn_ﬁZn) 1_ é 2n
o P @) o(G)
1m = [1m = — 11 = —.
nee PR,QTL—I n—reo (26)1_5(211_1) (a2n71_52n—1) 2a n—o00 ]_ 1 (/8) 2n 2@
(4ab) L5 =p a B\«
O
Theorem 2.6. For any positive real number k and positive integer n,
-1 n—1
- 2.5)

Proof. According to Theorem 2.4 and aff = —4abk, we have

s~ T (=)
2b)' ¢ ((—D(a“ - 6"))

(
(4ab) a—f) (—4abk)"
(

5 (5 (=)

~—~
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Theorem 2.7. (Catalan’s Identity) For any integers n and r with n > r, we
have o)
(2b)26(r+1) (2b)2(E(r+1)—(~1) Meg(r))
(4ab)é(n=r)=¢(r) Prn—rPrntr = (4ab)E(m—€(m) keyn
_ ( 1)n r+1pn— T(Qb) (€(n+1) (—1)5(")5(7“))Pk2

77,,.

Proof. Since
(21))2£(r+1)

WPM + Prengr
&(n)
_ @200t oy ot i pner on
(4ab)n §(r)(a ) (Oé « /6 « /6 _I_ﬁ )
and E2ECTV-C DEM ()
(4ab)é(m)—¢&(r) kn
£(n)
_ @m0 em) g oy on
@ab)™ € (a—p)2 (@™ = 207" + ),
we have
26(r+1) 2(6(r+1)— (= 1)EM g(r))
(26)™ Py P _ (2p) _
(dab)e(n=—m)=&(n) * k;n—rs k,ntr (4ab)E()—¢€(r) k.n
— (1) Q)2 )-DEE) p2 0
T

)

Corollary 2.8. (Cassini’s Identity) For any positive real number k and pos-
itive integer n,

]_ (2b) 2( 1 £ 2 1 2 &(n)
e Pin 1Pin _-__________}> (1) (9) 2D ~(—1)E)
(dab)sln—D)—1" Bnm B Rntl 70 ey =1~ o (=1) (20)

Proof. For r =1 in Catalan’s identity, we have Cassini’s identity. O

Theorem 2.9. (D’Ocagne’s Identity) For any positive real number k and
positive integers m,n with m > n,

(2b)§(m+2)+5(n+1)+§(m7n+1) (2b)§(m+l)+£(n+2)+£(m_n+l)

et L km ka1 —

(4ab) 2 (4ab)
= 4(—k)"b%(4ab) > Py mn.

Pk,m—l—lpk,n

—n—&(m)+£(n)—€&(m—n)
2

n+£&(n)

5 and 1 —¢(n) = &(n+ 1), and

Proof. By Binet’s formula, |2 | =

we have

(2()) E(m+2)+&(n+1)+£(m—n+1) (2b) E(m+1)+€(n+2)+E(m—n+1)

Pk,mpk,n—i-l - Pk,m—l—lpk,n

—n+g(m)—¢(n)—§(m—n) —n—&(m)+£(n)—E(m—n)
2 2

(4ab) (4ab)

(2b>2+§(m—n+l)

~ (4ab) (a— By
(2b>2+£(m—n+l)

(4ab) (a—p)?

(am-l—n-l—l _ Oémﬁn—i_l _ an—l—lﬁm + ﬁm-i—n-l—l)

m— §(m n)

(am-l—n-l—l o am—l—lﬁn _ anﬁm—i—l + ﬁm-i—n-l—l)

m— £(m n)
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(2b)2+§(m—n+1) m+1 gn n gm+41 m gn+1 n+1om
e
a 2 o —

— 2(4ab) 3 (—1)" L (20)1—Em=n) fqm=n _ gm—n
- R (dab) L2 ( a—p )
— 4(—k)"b*(4ab)? Py pn.

0

Theorem 2.10. For any positive real number k and non-negative integer n,
we have

(i) Z( ) (2b)50) (4ab) el kT Py, = Py,

(i) Z (Z) (%)gwrl)(4615)5(T)+L%J K" Py = 20y 2511
r=0

Proof. To prove (i) and (ii), we use Theorem 2.4. O
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