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Abstract

In this paper, we introduce three new structures of fuzzy group
sets and three new structures of fuzzy group topological spaces and
we study the relation among them

1 Introduction

In 1979, Foster [1] introduced the concept of fuzzy topological group using
Lowen’s definition of fuzzy topological spaces. Since then, several definitions
and studies of fuzzy topological groups have been proposed. For instance,
Hai [3] and Liang [4] presented definitions based on Chang’s definition. In
this paper, we introduce three new structures of fuzzy group sets using a
different approach from previous definitions: element fuzzy group set, fuzzy
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group set, and dual fuzzy group set. We investigate the relationships among
them based on the definition of crisp sets [2] and generate three new related
structures of fuzzy group topologies: element fuzzy group topology, fuzzy
group topology, and dual fuzzy group topology.

2 Element Fuzzy Group Topology

In this section, we introduce a new type of group topological space called El-
ement Fuzzy Group Topology but before that we give the following definition
and some remarks.

Definition 2.1. A group G is called an element fuzzy group set, denoted
by fgx-set, if for each element a in G associated to a membership function
Mg (a), where Mg(a) : a — [0,1] for all a € G; i.e., fgr-set U ={a:a =

af\\%(”), forall X\ € w}.

Remark 2.2. - The universal fgz-set U = {a : a = ai/[G(”),MG(a,\) =
L,ay € R, forall X\ € w}.

2- The null f,x-set 5 ={a:a= ai/lc(“*),Mg(a,\) = 0,ay = 0, forall X\ €
w}.

3- That a is an fgz-element of fgx-set U will be denoted by a€U.
4- Two fgx-elementsa : a = af\\%(”), €:€= efla(e*)
and Mg(a)\) = Mg(e)\) B R
5- For fgx-sets A and Y generated by the same group G , A is said to be
fgx-subset of Y (ACY ) if for every fgx—element a€Y, we have & € Y .

6- The fgx-union, fgx-intersection of two fgz-sets A Y generated by the

are fgx-equal if ay = ey

same group G, where A = {a, : ay = ai/[G(“*),forall Aew)l, Y = {a, :

Gy = ayG(““),for all o € w} are defined as follows:

N=A0Y ={a,:a, = aﬁ/lc(“”),for all p e w}, Mg(a,) = maz{Mg(ay), Mc(as)}
, a, = mazriay,a.} , N = AAY = {a, : a, = aﬁ/lc(“”),for all p € w},
Me¢(a,) = min{Me¢(ay), Ma(as)} , a, = min{ay, a,}.

Example 2.3. 1- Consider the group G = (G,.) = {1,—1,i,—i} Define
Mg(a) - a — [0,1], and

02, =1
Mg(a) =< 04, z=-1
0.5, o= +i
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Then A = {192, —104 05 _i05} js fgx-set .

2- Let G = (Z,+) and Mg(a) : a — [0, 1], for alla € G defined as follows:
Mcg(a) = 0.0369 for all a € G. Then the resulting set is fgz-set.

Definition 2.4. Let G be a group. Then (G, Tj4.) is called an element fuzzy
group topological space (simply Tgg.-space) on V' (the mazimum fg,-set) if
Ttqz Satisfies the following conditions:

1. gz~5, V are in Tfgas
2. The fgx-union of any members of fgx-set in T4, belongs to Tyyy,
3. The fgx-intersection of any two fgx-set in Ttg, belong to Trg,

The fgx-sets of Tfgs are called Ty4.-0pen sets, their complements are called
Trgz-closed sets.

Remark 2.5. If A&7y, the complement of fgr-set A= {a = a&MC(“))} is
defined by: A¢ = {a: a° = af\l Me(=) )\ e w)

Definition 2.6. An fgz-set A in an fgz-topology (G, Ttge) 1S called fgx-
neighborhood of fgx-point a in (G, 7ygs) if there is a fgx-set Vin Tigw Such
that a€V CA.

Definition 2.7. Let G be a group, (G,Tsg.) be a fgx-space and A&ty
Then the closure and interior of A are defined by:

cl(A ) ﬂ{Y Yfg:v—closed set in ngx,ACY} and

int(A) = O{Y : Y fgx — open  set in ngx,YgA}

3 Fuzzy Group Topology

Definition 3.1. Let G be a group. If each element x in G associated to a
membership function Mg where Mg : G — [0,1]. Then the resulting set is
said to be fuzzy group (denoted by fg-set).

Remark 3.2. 1- For a group G, the fg-universal set G = {GMe : Mg(x) =
1}.

2- For a group G, the fg-null set ¢ = {GMc Mg = 0}.

3- The fact that a is an fg-element of fg-set A will be denoted by acA.

4- Two fg-elements a = aMe b= hMez gre fg-equal if a = h and Mg, =
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Mg, .

5- For fg-sets E, H generated by the same group G, E is said to be fg-
subset of H (ECH) if every fg-element in E is in H

6- The fg-union, fg-intersection of two fg-sets A,E generated by the same
group are defined as follows:

C AUE GMGALJ(GMGE) CMGC, MGc = max{MGA, MGE}

and C = ANE = GMea((GMer) = CMee Mae = min{Mga, Mg}

Example 3.3. Consider the group G = (G,.) = {1, —1,i, —i}. Define Mg :
G —[0,1], Mg = 0.2, then A = {1, 1,1,—1}02 is fg-set.

Definition 3.4. Let G be a group . Then (G, Tys,) is called a fuzzy group
topological space (simply T;4-space) on H (the mazimum fg-set) if 7;,) sat-
isfies the following conditions :

(1) 6, H are in 4,

(2) The fg-union of any members of fg-sets in Ty, belongs to Ty,

(3) The fg-intersection of any two fg-sets in T¢, belong to Ty,

The fg- sets of T¢4 are called Tp4-open sets and their complements are called
Trq-closed sets.

Remark 3.5. If Uéry,, the complement of fg-set U = {GMo : Mg € [0,1]}
is defined by: U¢ = {G'"Me : Mg € [0,1]}.

Example 3.6. Let G = {1 —1}, Mg : G —>A 0,1] and fg-sets are defined
as follows: A=1{1,-1}', C ={1,-1}°7, 7 = {1, 1}05 . Then ng =
{6,A,C H} is an element fuzzy group topology over A, A¢ = {1,—1}° =

Definition 3.7. An fg-set E in fg-space (G Trg) 15 called fg- neighborhood
of fg-point a in (G, Ty,) if there is a fg-set H in Trg such that acHCE.

Definition 3.8. Let (G,74,) be an fg-space and Aéry,. Then the closure

and_interior of flA are defined by: o R )
cd(A) = "N{E : E be an fgz- closed set intpy, ACE} and int(A) = U{FE :

E  be an fg- open set intyy, EQA}

4  Dual Fuzzy Group Topology

Definition 4.1. Let G be a group if each element a in G associated to a
membership function Mq(a) where Mg(a) : a — [0,1] , and G associated to
membership function Mg where Mg : G — [0,1]. Then the result set is said
to be dual fuzzy group (denoted by df g-set).
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Remark 4.2. 1- The df g-universal set U = {a : a = Gf\fc(a*) s Mg(ay) =
L, for all X € w, Mg = 1}.

2- The df g-null set ¢ = {a : a = Gi/lc(a*) : Mg(ay) = 0, for all\ € w, Mg =
0}.

3- The fact that @ is an df g-element of df g-set A will be denoted by GEA.
4- Two df g—elements & = aiic(w) with Mg = 6 and v = of\V[G(”) with Mg =~y
are df g-equal if ay = vy and Mg(ay) = Mg(vy) and § =

o- For df g-sets A, N generated by the same _group G A s said to be df g-
subset of N (ACN) if every df g-element in A is in N.

6- The df g-union, df g-intersection of two dfg-sets A , B generated by the

same group where A = {ay : ay = ai/["‘ ax) A€ w, MA =6} and B = {a,
iy = ad’? ) o € w, My =~} are defined as follows:

C = AMAOBMB ={a,:a, = aﬂ/lc(ap),p € w} M.(a,) = maz{Mgay, Mga,},
and M, = max{Ma, Mp}.

CMe = AMapBMs = {4, : 4, = aﬂ”c(“ﬂ), p € w} M(a,) = min{Mgax, Mga,},
and M, = min{Ms, Mp}.

Example 4.3. Consider the group G = (G,.) = {1,—1,i,—i}. Define
Mg(z) : G — [0,1], for all x € G, and

0.2, z=1
Mg(l’) = 04, rz=-1
0.5, =z ==

and Mg = 0.8 . Then G = {192, —104 05 05108 s df g-set .

Definition 4.4. Let G be a group. Then (G, 74,) is called a dual fuzzy
group topological space (simply Tu,—space) on A (the mazimum dfg-set) if
Targ Satisfies the following conditions:

(1), A are in Ty,

(2) The df g-union of any members of df g-set in T4, belongs to Ty,

(3) The df g-intersection of any two df g-set in 744 belong to Ty,

The df g-sets of T4 are called T44-0pen sets, their complements are called
Tafg-closed sets .

Remark 4.5. If UéTdfg, the complement of df g-set

U={a= ayc(a*) with Mg =~} is defined by:

Ue={a°:a¢ = ai_MG('“),)\ Ew with Mg=1—7~,v€[0,1]}.

Example 4.6. LeoG =(G,.)={1,-1} ond df g-set are defined as follows:
U = {1, 1"}, N = {198, -199}04  F = {1°6,-10.7}°% Then 74, =
{$,U,N,EY} is a dual fuzzy Group Topology over U , N¢ = {107, —105}06
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Definition 4.7. A df g-set A in df g-topology (G, 74p4) is called df g-neighborhood
of df g-point a in (G, T4,) if there is a df g-set N in Targ Such that aENCA.

Definition 4.8 Let (G, 74,) be a df g-topological space and Ain Tafg, then
the closure and interior of A are defined by:
cl(A 1) = "{N : N be dfg-closed set in Tatg, ACN} and int(A) = U{N :
N be dfg-open set in Tafgs NCA}

5 Comparison between Types of Fuzzy Group
Topologies

Definition 5.1 (2). A crisp (or classical) set V- C A is a set characterized
by the function xyv : A — 0,1 called the characteristic function and V is
defined by V ={x € Alx(x) =0 ifr ¢ V,x(x)=1 ifr e V}.

Lemma 5.2. Every fuzzy group set considered as a special case of the dual
fuzzy group set.

Proof. From the dual fuzzy group set definition. Let U be df g-set , define
a group G, the group G associated to a membership function Mg : G —
[0, 1], each element x in G associated to a membership functionMq(z) where
Mg(z) : @ — [0,1] ,for all x € G. Suppose Mg(z) = 1 for all z € G(as a
special case) then the resulting set is fuzzy group set . O

Lemma 5.3. Fvery element fuzzy group set considered as a special case of
the dual fuzzy group set.

Proof. From the dual fuzzy group set definition let A be a dfg-set define a
group G, each element z in G associated to a membership function Mg(x)
where Myeq @ @ — [0,1] , for all z € G, the group G associated to a
membership function Mg : G — [0, 1] , suppose Mg =1 ( as a special case)
then the resulting set is element fuzzy group set .

]

Remark 5.4. 1- Dual fuzzy group set is not necessary element fuzzy group
set.

2- Fuzzy group set is not necessary element fuzzy group set.

3- Element fuzzy group set is not necessary fuzzy group set.

4- Fach element fuzzy group set is dual fuzzy group set.

5- Fach fuzzy group set is dual fuzzy group set.

6- Dual fuzzy group set is not necessary fuzzy group set.
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Example 5.5. 1- Let G = (G,.) = {1,—1}, and Mg = 0.7. Consider df g-
set A= {195 —192307  Then A is not fgx-set since Mg # 1 .

2- Consider G = (C,+) be a commutative group with M(G) : G — [0,1] ,
Mg = 0.5. Then the result fg-set is not fgx—set since Mg # 1.

3- Consider G = (R,+) be a commutative group with M(G)(z) : x — [0, 1],
Mg(z) = 0.57 for all x € G. Then the resulting fgx—set is not fg—set since
Mg(x) #1 forallz € G .

4- Let G = (G,.) = {1,—1}, fgx-set A = {195, =192} . Then A is dfg-set
since the membership of G is 1.

5- Let G = (G,.) = {1,—1}, fgset A = {1,—-1}°9%_ Then A is dfg-set
since the member ship of each element in G is 1.

6- From (1) A is df g-set but not fg-set.

Theorem 5.6. Fvery element fuzzy group topological space is dual fuzzy
group topological space.

Proof. From Lemma 5.3. O

Dual fuzzy group topological space need not be element fuzzy group topo-
logical space, consider the following example.

Example 5.7. G = (G,.) = {1, —1} ,dfgz-sets are defined as follows : U =
{117 _11}1; N = {10.5’ _10.5}0.6 ; E = {10.77 _10.8}0.9 , Tafg = {(5’ U) N7 E} is
a dual fuzzy group topology but not an element fuzzy group topological space
since Mg # 1, for each df g-open.

Remark 5.8. 1- Fuzzy group topological space need not be element fuzzy
group topological space.

2- Element fuzzy group topological space need not be fuzzy group topological
space.

Example 5.9. 1- Consider G = (C,+) be a commutative group with Mg :
G — [0,1] , Mg = 0.5 . Then the resulting fuzzy group set is not element
fuzzy group set since Mg # 1.

2- Consider G = (R, +) be a commutative group with M(G)(z) : x — [0,1] ,
Mg (x) = 0.57 for all x € G. Then the resulting element fuzzy group set is
not fuzzy group set since Mg(x) # 1, for allz € G.

Theorem 5.10. FEvery fuzzy group topological space is dual fuzzy group topo-
logical space.

Proof. The sesult follows since every fuzzy group set is a dual fuzzy group
set. ]
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Remark 5.11. Dual fuzzy group topological space need not be fuzzy group
topological space

Example 5.12. G = (G,.) = {1, -1} ,df gz -sets are defined as follows: U =
{11’ _11}1’ N = {10.5’ _10.5}0.6 ; E = {10.7’ _10.8}0.9  Tifg = {QVS, U’ N,E} is
a dual fuzzy group topology but not an element fuzzy group topological space
since Mq # 1 for each df g-open set in Ty,.
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