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Abstract

Metallic ratios define a set of related ratios that are among the
most significant real numbers and are used, in this paper, to solve
several Diophantine Equations. The method used to solve the supplied
problems is simple and provides direction for solving countless other
analogous equations.

1 Introduction

In this paper, we shall be mainly concerned with the integer solutions of the
Diophantine equations

2% — Skxy + (6k* — 1)y* = £1 (1.1)
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It should be noted that solving (1.1) in its current form is extremely
difficult; that is, we cannot determine how many solutions (1.1) has and
what they are. As a result, depending on the methods used in [1, 2|, we
must convert (1.1) into a suitable Diophantine equation that can be solved
easily.

We present a pair of equations and provide their solutions using successive
convergence of continued fraction expansion corresponding to the k™ metallic
ratio. Then we transform the Diophantine equations (1.1) into the provided
equation form.

2 The Diophantine equations z°—kxy—y* = £1

The main goal of this section is to solve the equations
2 — kxy — y* = £1, (2.2)

where x and y are both positive integers.

The pair of Diophantine Equations (2.2) can be solved using a variety of
methods. However, we will adopt the which is continued fraction expansion
method.

Theorem 2.1. The continued fraction expansion of the k' metallic ratio is:
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Proof. Let % be the k" metallic ratio, the largest root of the

equation 22 — kx — 1 = 0. In the following, we will derive the continued
fraction expansion of this number. Recall that, the k** metallic ratio is the
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reciprocal of the real number , which we can derive its continued

fraction expansion easily.
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Then the desired continued fraction expansion of the k™ metallic ratio
ratio is:
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Theorem 2.2. Let Pan and Pant1 be the even and the odd convergence of
q2on Qon+1

the continued fraction expansion of the k'™ metallic ratio ratio, respectively.
Then
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Proof. 1t is clear that
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Then

Pi+2 - kpn+2Qn+2 - q721+2

= ((k* + D)py + kgn)* — k(K> + 1)pn + kgn) (kpn + ¢2)

_(kpn + Qn>2

= (k> +1)%p} + 2k(k* + 1)pngn + K>, — K* (K> + 1)p;,

— k2 pngn — k(K* + 1)pngn — kK2q — k*p2 — 2kpngn — 4

= pi - kann - qrzl )
Sincecozﬁzéandclz[k,k]:&: K +1,p0:k, g =1 p =

do 1 q k

k* +1, ¢ = k. Therefore,

Po—kpogo — g = —1 and pi —kpiqs — ¢ = 1.

We get

2 2 _
Pont1 — kpons1Gons1 — Qon+1 = 1

and

Using the successive convergence of the continued fraction expansion of the
k" metallic ratio, we had determined all possible solutions in the positive
integers for these two Diophantine equations described in (1.1).

In fact, let
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.. etc.
We can see that cg, ¢o, ¢4, ..., Cap, ... provides solutions to
? — kxy —y? = —1,
and ¢y, ¢3, €5, ..., Coni1, ... provides solutions to
22 —kry —y? = 1.

Moreover, by induction, we can prove the following result using induction:

Theorem 2.3. Foralln > 1, the above solutions for both sequences cg, Ca, Cay ..., Cop, - ..
and c1, ¢3, C5, ..., Cops1, ---, Julfill the recurrence relations:
Tyt = (k2 + 2):6n+1 — Tn

Yn+2 = (k2 + 2)yn+1 — Yn-
3 The Diophantine equations z*—5kzy+ (6k*—
1)y2 = +1
The principal goal of this section is to solve the Diophantine equations

2% — Skay + (6k* — 1)y* = £1 (3.4)
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Note that the Diophantine equations (3.4) can be written as
2?2 — dkay + 4k*y? — kay + 2k%% — y® = £1

which give
(x —2ky)?* — k(x — 2ky)y — y* = £1.

Let z = x — 2ky. Thus (3.4) becomes
22— kzy —y? = £1, (3.5)

which takes the same form as equations (2.2).

As a result, the solutions of (3.4) are deduced from the solutions of (3.5)
as follows:

Let (z,y) be solution of (3.5). Then (z + 2ky,y) is a solution of (3.4).

So (po+2kqo, qo) (p2+2kq2, q2), (Pa+2kqs,qu), -y (P20 +2G2n, G2n), - -
provides solutions to

2? — 5kxy + (6k* — 1)y? = —1

and (p1+2kq1, q1) (p3+2kgs, g3), (p5+2kgs,Gs), - -, (Pans1+2kGons1, Gony1)s - -
provides solutions to

2 — Skay + (6k* — 1)y =1,

Po P1 P2 P2n Pon+1 .
where —, —, — -, , ... are the successive convergence of

o @ @ @ Gnn
continued fraction expansion corresponding to the k™ metallic ratio.

Furthermore, we see that for n > 1 that the above solutions for both
sequences fulfill the same recurrence relations:

Lpto = (k2 + Q)xn+1 — Tn
Yn+2 = (kz + 2)yn+1 — Yn-

4 The Diophantine equations 2% — (k + 4)xy +
(2k + 3)y? = +1
Let us solve the Diophantine equations

2® — (k+4)xy + (2k + 3)y* = +1 (4.6)
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We note that the Diophantine equations (4.6) can be written as
2 — kxy + 4y° — kay + 2ky? —y* = +1
which gives
(z—2y)* — k(z — 2y)y —y* = £1
Let z = x — 2y. Thus (4.6) becomes

22— kzy —y? = 41,

which is the same equations of the previous section.
Then, the solutions of (4.6) are deduced as follows:
Let (z,y) be a solution of (3.5). Then (x 4 2y, y) is a solution of (4.6).

So (po + 240, q0) (P2 + 242, G2), (Pa + 2G4, qa), -5 (P2n + 2G2n, @2n), - -
provides solutions to

2° — (k+4)zy + (2k + 3)y* = -1

and (p1+2q1,q1) (P3+243,93); (P5+2G5,05)5 - (P2n+1+2G2n+1, G2n41), - - -
provides solutions to

2® — (k+4)zy + (2k + 3)y* = 1,

Po P1 P2 Pon Pon+1 .
where —, —, — —, ——, ... are the successive convergence of

o @ @ @ Gna
continued fraction expansion corresponding to the k™ metallic ratio.

5 Examples

Example 1
Let us solve the Diophantine equations

2% — 207y + 95y° = +1. (5.7)

Note that the Diophantine equations (5.7) are particular cases of the
equation (3.4) with k = 4, that can be solved using the 4* metallic ratio
continued fraction expansion.

Using (2.3), it is clear now that the desired continued fraction expansion
of the 4" metallic ratio ratio is provided by the equation:

@ _ 7.
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Using the successive convergence of the continued fraction expansion of
the 4" metallic ratio, one can determine all possible solutions in the positive
integers of these two Diophantine equations described in (5.7).

In fact, let

o — bo 4
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Cc3 = [4747474]:]2:—7
., g
cr= [4,4,4,4,4) =" =77
o S
cs= [4,4,4,4,4,4] = =202
¢ 1292
We can see that cg, co, ¢4, ..., Copn, ... provides solutions to

2 2
r°—dxy —y = —1,
and ¢y, ¢3, C5, ..., Coni1, ... provides solutions to

22 —day —y? = 1.

Specifically, (4,1), (72,17), (1292,305), ... are solutions of
2? —day —y® = —1,
and (17,4), (305,72), (5473,1292), ... are solutions of

2? —day —y* = 1.

Then (12,1), (208,17), (3732,305), ..., (p2n + 8Gon, Gon), - - - are solutions of
x? — 20zy + 959° = —1,

and (49,4), (881,72), (15809,1292), ..., (pan+1 + 8G2n+1, G2nt1), - - - are solu-
tions of
x? — 202y + 95y° = 1.
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Example 2 Let us solve the Diophantine equations
r? — 8xy + 11y* = £1. (5.8)

Note that the Diophantine equations (5.8) are particular cases of the
equation (4.6) with k = 4, that can be solved using the 4* metallic ratio
continued fraction expansion.

Then

(6,1), (106,17), (1902,305),..., (p2n + 2¢2n, @2n); - - -

are solutions of
r? — 8ry + 11y = —1,

and
(17,4), (305,72), (5473,1292), ..., (poan+1 + 2G2n+1, @2ns1), - - -

are solutions of
2 — 8xy + 11y = 1.
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