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Abstract

The concept of Q-fuzzy left (resp. right) hyperideals of semihyper-
rings is introduced and studied. We show that the set of all Q-fuzzy
left (resp. right) hyperideals of semihyperrings forms a distributive
lattice and show that a normal Q-fuzzy left (resp. right) hyperideal,
which is a maximal element in the set of all normal Q-fuzzy left (resp.
right) hyperideals of semihyperrings, has only two values 0 and 1.

1 Introduction

A fuzzy set was introduced by Zadeh [24] in 1965, as a generalization of
abstract set theory. Many classical mathematics is extended to fuzzy math-
ematics, and various properties of them in the context of fuzzy set are es-
tablished. In 2011, Majumder [16] introduced and studied the concept of
a Q-fuzzification of ideals of Γ-semigroups. Akram and Sathakathulla [1],
Lekkoksung [12, 13], studied this concept in case of Γ-semigroups and or-
dered semigroups [11] and investigated some important properties. Then,
Mandel [17, 18] extended the concept of Q-fuzzification in Γ-semigroups to
Γ-semirings.
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The concept of a hyperstructure was first introduced by Marty [19] in
1934, as a generalization of ordinary algebraic structures. This theory was
studied in the following decades and nowadays by many mathematicians
(see, e.g., [2, 3, 7, 21, 20]). Vougiouklis [20] introduced the concept of a semi-
hyperring, as a generalization of a semiring, where both the addition and
the multiplication are hyperoperations. Many fuzzy theorems in hyperstruc-
tures have been discussed by several authors, for example, Corsini, Cristea,
Davvaz, Kazanci, Leoreanu, Yin and Zhan (see, e.g., [4, 5, 6, 7, 8, 10, 14, 15,
22, 23, 25, 26]).

In this paper, the concept of Q-fuzzy left (resp. right) hyperideals of
semihyperrings is introduced and investigated. Moreover, we show that the
set of all Q-fuzzy left (resp. right) hyperideals of semihyperrings forms a
distributive lattice and show that a normal Q-fuzzy left (resp. right) hyper-
ideals, which is a maximal element in the set of all normal Q-fuzzy left (resp.
right) hyperideals of semihyperrings, has only two values 0 and 1.

2 Preliminaries

Let H be a nonempty set. A mapping ◦ : H × H → P∗(H), where P∗(H)
denotes the set of all nonempty subsets of H , is called a hyperoperation
on H (see, e.g., [2, 3, 7, 21]). The hyperstructure (H, ◦) is said to be a
hypergroupoid. Let A and B be any two nonempty subsets of H and x ∈ H .
Then, we denote

A ◦B =
⋃

a∈A,b∈B

a ◦ b, A ◦ x = A ◦ {x} and x ◦B = {x} ◦B.

A hypergroupoid (H, ◦) is called a semihypergroup if (x◦y)◦z = x◦(y◦z)
for all x, y, z ∈ H .

A hyperstructure (S,+, ·) is called a semihyperring [20] if it satisfies the
following conditions:

(i) (S,+) is a semihypergroup;

(ii) (S, ·) is a semihypergroup;

(iii) x · (y+ z) = x · y+ x · z and (y+ z) · x = y · x+ z · x for all x, y, z ∈ S.

A nonempty subset T of a semihyperring (S,+, ·) is said to be a subsemi-
hyperring of S if for all x, y ∈ T , x+ y ⊆ T and x · y ⊆ T . An element 0 of a
semihyperring (S,+, ·) is called zero if 0·a = a·0 = {0} and a+0 = 0+a = {a}
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for all a ∈ S. A nonempty subset I of a semihyperring (S,+, ·) is called a
left (resp. right) hyperideal of S if for every x, y ∈ I, x+ y ⊆ I and for every
s ∈ S, s · x ⊆ I (resp. x · s ⊆ I). We call I a hyperideal of S if it is both a
left and a right hyperideal of S. For more convenient, we write S instead of
a semihyperring (S,+, ·) and xy instead of x · y for all x, y ∈ S.

Let R and S be semihyperrings. A mapping f : R → S is said to
be homomorphism [2] if for every x, y ∈ R, f(x + y) ⊆ f(x) + f(y) and
f(x · y) ⊆ f(x) · f(y).

A fuzzy subset [24] of a nonempty set X is a mapping f : X → [0, 1]. A
Q-fuzzy subset [16] of a nonempty set X is a mapping µ : X × Q → [0, 1],
where Q is a nonempty set.

In this paper, we assume that Q is a nonempty set and S is a semihyper-
ring with a zero element 0.

The set µt = {(x, q) ∈ X × Q | µ(x, q) ≥ t} is called a level subset of µ,
where t ∈ [0, 1]. Let µ and ν be any two Q-fuzzy subsets of a nonempty set
X . Then µ ⊆ ν if and only if µ(x, q) ≤ ν(x, q) for all x ∈ X, q ∈ Q.

The intersection and the union of two Q-fuzzy subsets µ and ν of a
nonempty set X , denoted by µ ∩ ν and µ ∪ ν, respectively, are defined by
letting x ∈ X and q ∈ Q,

(µ ∩ ν)(x, q) = min{µ(x, q), ν(x, q)},

(µ ∪ ν)(x, q) = max{µ(x, q), ν(x, q)}.

3 Q-fuzzy hyperideals

In this section, we introduce the concept of Q-fuzzy left (resp. right) hyper-
ideals of semihyperrings and study some important properties.

Definition 3.1. Let µ be a nonempty Q-fuzzy subset of a semihyperring S

(i.e., µ(x, q) 6= 0 for some x ∈ S, q ∈ Q). Then µ is called a Q-fuzzy left
(resp. right) hyperideal of S if it satisfies the following axioms:

(i) inf
z∈x+y

µ(z, q) ≥ min{µ(x, q), µ(y, q)};

(ii) inf
z∈xy

µ(z, q) ≥ µ(y, q) (resp. inf
z∈xy

µ(z, q) ≥ µ(x, q));

for all x, y ∈ S and q ∈ Q.

We call that µ is a Q-fuzzy hyperideal of S if it is both a Q-fuzzy left
hyperideal and a Q-fuzzy right hyperideal of S.
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Example 3.2. Let Q be a nonempty set and S = {0, a, b, c}. Define two
hyperoperations + and · on S by the following equations:

+ 0 a b c

0 {0} {a} {b} {c}
a {a} {a} {a} {a}
b {b} {a} {0, b} {0, b, c}
c {c} {a} {0, b, c} {0, c}

+ 0 a b c

0 {0} {0} {0} {0}
a {0} {a} {0, b} {0}
b {0} {0} {0} {0}
c {0} {0, c} {0} {0}

Then, (S,+, ·) is a semihyperring [9]. We define a Q-fuzzy subset µ of S by
for every x ∈ S and q ∈ Q,

µ(x, q) =

{

0.7 if x ∈ {0, b},

0.2 otherwise.

By routine calculations, we have that µ is a Q-fuzzy hyperideal of S.

Theorem 3.3. Let S be a semihyperring and µ be a Q-fuzzy subset of S.
Then µ is a Q-fuzzy left (resp. right) hyperideal of S if and only if the set µt

is a left (resp. right) hyperideal of S for all t ∈ [0, 1], where it is nonempty.

Proof. Assume that µ is a Q-fuzzy left hyperideal of S. Let a, b ∈ µt, s ∈
S and q ∈ Q. Then µ(a, q) ≥ t and µ(b, q) ≥ t. For every z ∈ a + b,
inf

z∈a+b
µ(z, q) ≥ min{µ(a, q), µ(b, q)} ≥ t; that is, z ∈ µt for all z ∈ a+ b. This

implies that a + b ⊆ µt. Next, for any z ∈ sa, inf
z∈sa

µ(z, q) ≥ µ(a, q) ≥ t. It

follows that sa ⊆ µt. Hence, µt is a left hyperideal of S.

Conversely, assume that all nonempty level set µt is a left hyperideal
of S. Let x, y ∈ S and q ∈ Q. Choose min{µ(x, q), µ(y, q)} = t0 for some
t0 ∈ [0, 1]. Then µ(x, q) ≥ t0 and µ(y, q) ≥ t0, so x, y ∈ µt0 . Thus, x+y ⊆ µt0,
that is, for every z ∈ x + y, inf

z∈x+y
µ(z, q) ≥ t0 = min{µ(x, q), µ(y, q)}. Let

µ(x, q) = s0 for some s0 ∈ [0, 1]. Then x ∈ µs0. It follows that sx ⊆ µs0.
Hence, inf

z∈sx
µ(z, q) ≥ s0 = µ(x, q) for all z ∈ sx. Therefore, µ is a Q-fuzzy

left hyperideal of S.

Theorem 3.4. If µ and ν are Q-fuzzy left (resp. right) hyperideals of a
semihyperring S, then µ ∩ ν is also a Q-fuzzy left (resp. right) hyperideal of
S.
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Proof. Assume that µ and ν are Q-fuzzy left (resp. right) hyperideals of a
semihyperring S. Let x, y ∈ S and q ∈ Q. Then

min{(µ ∩ ν)(x, q), (µ ∩ ν)(y, q)} = min{min{µ(x, q), ν(x, q)},min{µ(y, q), ν(y, q)}}

= min{min{µ(x, q), µ(y, q)},min{ν(x, q), ν(y, q)}}

≤ min{ inf
z∈x+y

µ(z, q), inf
z∈x+y

ν(z, q)}

= inf
z∈x+y

(µ ∩ ν)(z, q),

(µ ∩ ν)(y, q) = min{µ(y, q), ν(y, q)}

≤ min{ inf
z∈xy

µ(z, q), inf
z∈xy

ν(z, q)} = inf
z∈xy

(µ ∩ ν)(z, q).

Hence, µ ∩ ν is a Q-fuzzy left hyperideal of S.

Theorem 3.5. Let µ and ν be Q-fuzzy left (resp. right) hyperideals of a
semihyperring S such that µ ⊆ ν or ν ⊆ µ. Then µ ∪ ν is a Q-fuzzy left
(resp. right) hyperideal of S.

Proof. Assume that ν ⊆ µ. Let x, y ∈ S and q ∈ Q. Then

inf
z∈x+y

(µ ∪ ν)(z, q) = inf
z∈x+y

{max{µ(z, q), ν(z, q)}}

= max{ inf
z∈x+y

µ(z, q), inf
z∈x+y

ν(z, q)}

≥ max{min{µ(x, q), µ(y, q)},min{ν(x, q), ν(y, q)}}

= min{max{µ(x, q), ν(x, q)},max{µ(y, q), ν(y, q)}}

= min{(µ ∪ ν)(x, q), (µ ∪ ν)(y, q)}.

In general, max{min{ }} ≤ min{max{ }}. Suppose for this case

max{min{µ(x, q), µ(y, q)},min{ν(x, q), ν(y, q)}}

6= min{max{µ(x, q), µ(y, q)},max{ν(x, q), ν(y, q)}}.

Then there exists r ∈ [0, 1] such that

max{min{µ(x, q), µ(y, q)},min{ν(x, q), ν(y, q)}}

< r < min{max{µ(x, q), µ(y, q)},max{ν(x, q), ν(y, q)}}.

Thus, r < min{µ(x, q), µ(y, q)}. On the other hand, min{µ(x, q), µ(y, q)} <

r, which is a contradiction. Similarly, we have

inf
z∈xy

(µ ∪ ν)(z, q) = inf
z∈xy

{max{µ(z, q), ν(z, q)}} = max{ inf
z∈xy

µ(z, q), inf
z∈xy

ν(z, q)}

≥ max{µ(y, q), ν(y, q)} = (µ ∪ ν)(y, q).

Therefore, µ ∪ ν is a Q-fuzzy left hyperideal of S.
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Let X and Y be any two nonempty sets and µ be a Q-fuzzy subset of X .
Define a Q-fuzzy subset ν of Y by letting y ∈ Y ,

ν(y, q) =







sup
x∈f−1(y)

µ(x, q) if f−1(y) 6= ∅,

0 otherwise.

We call ν the image of µ under f denoted by f(µ). Conversely, for a Q-fuzzy
subset ν of f(X), define a Q-fuzzy subset µ of X by µ(x, q) = ν(f(x), q) for
all x ∈ X , and we call µ the preimage of ν under f denoted by f−1(ν).

Theorem 3.6. Let R and S be semihyperrings and f : R → S be a homo-
morphism. If ν is a Q-fuzzy left (resp. right) hyperideal of S, then f−1(ν) is
a Q-fuzzy left (resp. right) hyperideal of R.

Proof. Assume that ν is a Q-fuzzy left hyperideal of S. Let x, y ∈ R and
q ∈ Q. Then

inf
z∈x+y

f−1(ν)(z, q) = inf
f(z)∈f(x)+f(y)

ν(f(z), q) ≥ min{ν(f(x), q), ν(f(y), q)}

= min{f−1(ν)(x, q), f−1(ν)(y, q)},

inf
z∈xy

f−1(ν)(z, q) = inf
f(z)∈f(x)f(y)

ν(f(z), q) ≥ ν(f(y), q) = f−1(ν)(y, q).

Hence, f−1(ν) is a Q-fuzzy left hyperideal of S.

Let µ be a Q-fuzzy subset of a nonempty set X , α ∈ [0, 1− sup
x∈X

µ(x, q)]

and β ∈ [0, 1]. The mapping µT
α : X × Q → [0, 1], µM

β : X × Q → [0, 1]
and µMT

β,α : X ×Q → [0, 1], where Q is a nonempty set, are called a Q-fuzzy
translation, a Q-fuzzy multiplication and a Q-fuzzy magnified translation of µ,
respectively, if µT

α(x, q) = µ(x, q)+α, µM
β = βµ(x, q) and µMT

β,α = βµ(x, q)+α

for all x ∈ X and q ∈ Q.

Theorem 3.7. Let S be a semihyperring, µ be a Q-fuzzy subset of S,
α ∈ [0, 1− sup

x∈X

µ(x, q)] and β ∈ (0, 1]. Suppose that µMT
β,α is a Q-fuzzy mag-

nified translation of µ, with respect to α and β. Then µ is a Q-fuzzy left
(resp. right) hyperideal of S if and only if µMT

β,α is a Q-fuzzy left (resp. right)
hyperideal of S.
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Proof. Assume that µ is a Q-fuzzy left hyperideal of S. Let x, y ∈ S and
q ∈ Q. Then

inf
z∈x+y

µMT
β,α (z, q) = inf

z∈x+y
(βµ(z, q) + α) = β( inf

z∈x+y
µ(z, q)) + α

≥ βmin{µ(x, q), µ(y, q)}+ α = min{βµ(x, q) + α, βµ(y, q) + α}

= min{µMT
β,α (x, q), µ

MT
β,α (y, q)},

inf
z∈xy

µMT
β,α (z, q) = inf

z∈xy
(βµ(z, q) + α) = β( inf

z∈xy
µ(z, q)) + α

≥ βµ(y, q) + α = µMT
β,α (y, q).

Hence, µMT
β,α is a Q-fuzzy left hyperideal of S.

Conversely, assume that µMT
β,α is a Q-fuzzy left (resp. right) hyperideal of

S. Let x, y ∈ S and q ∈ Q. Then

β( inf
z∈x+y

µ(z, q)) + α = inf
z∈x+y

(βµ(z, q) + α) = inf
z∈x+y

µMT
β,α (z, q)

≥ min{µMT
β,α (x, q), µ

MT
β,α (y, q)}

= min{βµ(x, q) + α, βµ(y, q) + α}

= βmin{µ(x, q), µ(y, q)}+ α,

β( inf
z∈xy

µ(z, q)) + α = inf
z∈xy

µMT
β,α (z, q) ≥ µMT

β,α (y, q) = βµ(y, q) + α.

Since α ≥ 0 and β > 0, we have inf
z∈x+y

µ(z, q) ≥ min{µ(x, q), µ(y, q)} and

inf
z∈xy

µ(z, q) ≥ µ(y, q). Therefore, µ is a Q-fuzzy left hyperideal of S.

Corollary 3.8. Let S be a semihyperring, µ be a Q-fuzzy subset of S,
α ∈ [0, 1− sup

x∈X

µ(x, q)] and β ∈ (0, 1]. Suppose that µT
α is a Q-fuzzy trans-

lation and µM
β is a Q-fuzzy multiplication of µ, with respect to α and β,

respectively. Then the following are equivalent:

(i) µ is a Q-fuzzy left (resp. right) hyperideal of S;

(ii) µT
α is a Q-fuzzy left (resp. right) hyperideal of S;

(i) µM
β is a Q-fuzzy left (resp. right) hyperideal of S;
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Let S be a semihyperring. We denote by FHL(S) (resp. FHR(S)) the
set of all Q-fuzzy left (resp. right) hyperideals of S, and we assume that
(FHL(S),⊆) (resp. (FHR(S),⊆)) is a totally ordered set by the set inclu-
sion.

Theorem 3.9. Let S be a semihyperring. Then (FHL(S),⊆,∩,∪) forms a
lattice.

Proof. Let µ and ν be any two elements in FHL(S). By Theorems 3.4 and
3.5, we have that µ ∩ ν and µ ∪ ν are Q-fuzzy left hyperideals of S. Thus,
µ∩ν is the greatest lower bound and µ∪ν is the least upper bound of µ and
ν. Hence, (FHL(S),⊆,∩,∪) is a lattice.

Similarly one can prove the following

Theorem 3.10. Let S be a semihyperring. Then (FHR(S),⊆,∩,∪) forms
a lattice.

Theorem 3.11. Let S be a semihyperring and µ, ν, λ ∈ FHL(S) (resp.
FHR(S)). Then µ∩(ν∪λ) = (µ∩ν)∪(µ∩λ) and µ∪(ν∩λ) = (µ∪ν)∩(µ∪λ).

Proof. Let x ∈ S and q ∈ Q. We have

(µ ∩ (ν ∪ λ))(x, q) = min{µ(x, q), (ν ∪ λ)(x, q)}

= min{µ(x, q),max{ν(x, q), λ(x, q)}}

= max{min{µ(x, q), ν(x, q)},min{µ(x, q), λ(x, q)}}

= max{(µ ∩ ν)(x, q), (µ ∩ λ)(x, q)}

= ((µ ∩ ν) ∪ (µ ∩ λ))(x, q).

Hence, µ∩(ν∪λ) = (µ∩ν)∪(µ∩λ). Similarly, we can show that µ∪(ν∩λ) =
(µ ∪ ν) ∩ (µ ∪ λ).

Corollary 3.12. Let S be a semihyperring. Then (FHL(S),⊆,∩,∪) and
(FHR(S),⊆,∩,∪) form distributive lattices.

A Q-fuzzy subset µ of a nonempty set X is called normal if there exist x ∈
X and q ∈ Q such that µ(x, q) = 1. Let µ be a Q-fuzzy subset of a nonempty
set X . Define a Q-fuzzy subset µ+ of X by µ+(x, q) = µ(x, q) + 1 − µ(0, q)
for all x ∈ X and q ∈ Q.

Theorem 3.13. Let S be a semihyperring. If µ is a Q-fuzzy left (resp. right)
hyperideal of S, then µ+ is also a Q-fuzzy left (resp. right) hyperideal of S
containing µ.
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Proof. Assume that µ is a Q-fuzzy left hyperideal of S. Let x, y ∈ S and
q ∈ Q. Then

inf
z∈x+y

µ+(z, q) = inf
z∈x+y

(µ(z, q) + 1− µ(0, q)) = inf
z∈x+y

µ(z, q) + 1− µ(0, q)

≥ min{µ(x, q), µ(y, q)}+ 1− µ(0, q)

= min{µ(x, q) + 1− µ(0, q), µ(y, q) + 1− µ(0, q)}

= min{µ+(x, q), µ+(y, q)},

inf
z∈xy

µ+(z, q) = inf
z∈xy

(µ(z, q) + 1− µ(0, q)) = inf
z∈xy

µ(z, q) + 1− µ(0, q)

≥ µ(y, q) + 1− µ(0, q) = µ+(y, q).

Hence, µ+ is a Q-fuzzy left hyperideal of S. Now, µ+(0, q) = µ(0, q) + 1 −
ν(0, q) = 1. Since 1 − µ(0, q) ≥ 0, µ(x, q) ≤ µ(x, q) + 1 − µ(0, q) = µ+(x, q)
for all x ∈ S, q ∈ Q. So, µ ⊆ µ+. Therefore, µ+ is a normal Q-fuzzy left
hyperideal of S containing µ.

Let FHNL(S) (resp. FHNR(S)) denotes the set of all normal Q-fuzzy
left (resp. right) hyperideals of a semihyperring S. Then FHNL(S) and
FHNR(S) are posets under inclusion.

Theorem 3.14. Let µ be a normal Q-fuzzy left (resp. right) hyperideal of
a semihyperring S such that nonconstant. If µ is a maximal element of
FHNL(S) (resp. FHNR(S)), then µ takes only two values 0 and 1.

Proof. Assume that µ is a maximal element of FHNL(S). Since µ is normal,
µ(0, q) = 1. Let x0 ∈ S such that x0 6= 0 and µ(x0, q) 6= 1. We want to show
that µ(x0, q) = 0. Suppose that µ(x0, q) 6= 0. Then 0 < µ(x0, q) < 1. Define
a Q-fuzzy subset ν of S by

ν(x, q) =
1

2
[µ(x, q) + µ(x0, q)] for all x ∈ S, q ∈ Q.

Thus, ν is well-defined. Let x, y ∈ S and q ∈ Q. We have

inf
z∈x+y

ν(z, q) = inf
z∈x+y

{
1

2
[µ(z, q) + µ(x0, q)]}

≥
1

2
[min{µ(x, q), µ(y, q)}+ µ(x0, q)]

= min{
1

2
[µ(x, q) + µ(x0, q)],

1

2
[µ(y, q) + µ(x0, q)]}

= min{ν(x, q), ν(y, q)},
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inf
z∈xy

ν(z, q) = inf
z∈xy

{
1

2
[µ(z, q) + µ(x0, q)]} ≥

1

2
[µ(y, q)}+ µ(x0, q)] = ν(y, q).

Hence, ν is a Q-fuzzy left hyperideal of S. By Theorem 3.13, ν+ is a normal
Q-fuzzy left hyperideal of S. Then, for every x ∈ S, q ∈ Q,

ν+(x, q) = ν(x, q) + 1− ν(0, q) =
1

2
[µ(x, q) + µ(x0, q)] + 1−

1

2
[µ(0, q) + µ(x0, q)]

=
1

2
[µ(x, q) + 1]. (3.1)

In particular,

ν+(0, q) =
1

2
[µ(0, q) + 1] = 1 and ν+(x0, q) =

1

2
[µ(x0, q) + 1]. (3.2)

From (3.1), we have that ν+ is nonconstant, since µ is nonconstant. From
(3.2), we see that µ(x0, q) < µ+(x0, q). By the maximality of µ, we get a
contradiction.
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