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Abstract

Coefficient characterizations of generalized order and lower order of
an entire harmonic function represented by Fourier-Laplace series have
been obtained in terms of ratio of harmonic polynomial approximation
errors in sup norm. Similar results also have been obtained in terms
of ratio of L?-approximation errors.

1 Introduction

It has been noticed that time dependent problems in R? leads to the study
of entire harmonic functions in R*. Also, the harmonic functions play an
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important role in physics, mechanics and theoretical mathematical research
to describe different stationary processes. Thus, it is significant to study
generalized orders of harmonic functions in an n-dimensional space.

Several authors had obtained the characterization of growth parameters
of an entire function f(z) in terms of the sequences of polynomial approxi-
mation and interpolation errors taken over different domains in the complex
plane. Similar characterizations had been investigated for entire harmonic
functions in R™, n > 3 in terms of harmonic polynomial approximation errors.

Let f(2) = > poparz™, ai, # 0, be an entire function. Following Seremeta
[5], we define the generalized order and generalized lower order as:

L a(log M(r; f))
P= llﬂilp B(logr)

A = lim inf a(log M(r; 1))
rooo B(logr)
where M (r; f) = max,— | f(2)|
and o € A and B € L°. Let LY denote the class of functions h satisfying the
following conditions:
(i) h(x) is defined on [a,00) such that h is differentiable, monotonically
strictly increasing, tends to oo as x — oo and

Lo B+ 6(2))a]
S ()

(1.1)

(1.2)

=1,h(z) > 0,z € [a,00), (1.3)

for every 6(x) — 0 as # — oo. By A we denote the class of functions h € L°
and satisfies

lim hlcz)
M @)
provided that convergence in (1.4) is uniform with respect to ¢,0 < ¢; < ¢ <
Cy < OQ.
Following results have been proved by Bajpai et. al.,[1]:
Theorem A. Let o € A, € L and let f(z) = > ;2 axz™ be entire,
ar # 0. Set F(z;¢c) = 7 c(a(x))]. If dF(z;c)/dlogxz = O(1) as z — oo for
all ¢,0 < ¢ < oo and ¢(k) = {log |-2-|}/(Ak+1 — Ax) is non-decreasing, then

Ak4+1

=1,0<c< o0, (1.4)

p = lim sup ()
k=00 ﬁ{ ()‘k_i\kfl) log ‘ ai;;l ‘}

(1.5)
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Theorem B. Let f(z) = > 1, ap2™*, a; # 0, be an entire function of growth
A IfaeAand e L% and

lim le,if im £ _ g (1.6)

for ¢ defined on [a, 00) increasing indefinitely, then we have

An
A =max{lim inf 1a[ = }
{ni} = koo [mlog\ank\_l]

Anj—
= max{lim inf 1@[ =l
{nr}  k—oo ﬁ[( ) log |

Ank —)\nkfl

[lnk71 |] }7

ank

where {\,, } is subspace of integers {\;} and a,, € {a,}.
Lemma C. Let f(z) =Y > a2, a, # 0, be an entire function of growth
A defined by (1.2), where « satisfies in addition (1.6), then we have

.. a[)\n—l]
A > liminf 1.7
n—o00 5[% log |an|_1] ( )
and \
A > lim inf Pl (1.8)

T

For (1.8), we define 8 negatively in the complement of [a, 00).

Lemma D.Let f(z) = Y2, arz™,ax # 0, be such an entire function of
1

oo B[(An_)\nfl) IOg

an

growth A that {|ﬁ| Cr+172%) 1 forms a non-decreasing function for k£ > ko,
then we have

A < lim inf fl“’“‘l] —
koo B[ log ax|™']

and

. a[Ag—1]
A< hggmf - Tog [ 1]
* (Ae—=Ag—1) 08 |74,

2 Entire Harmonic Functions

Let Bg = {y € R" : |y| < R} be a ball of radius R in R",n > 3 centered
at the origin of coordinates and B}, be its closure. Let Hg,0 < R < oo, be
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denote the class of harmonic functions in B and continuous on Bj.
It is known [7] that u € Hg can be expanded in a Fourier-Laplace series

u(re) = ZY(k)(at; u)r® Vr,0 <r < R, (2.9)
k=0

where Y®) denote the spherical harmonics or Laplace spherical functions
of degree k in the unit sphere S” = {y € R" : |y| = 1} in R",n > 3 |3,
pp.157-174; 4, 6],

Y (z5u) =a" VP (@) + oV, (@) + -+ aPY P (),

P = (u,YP),j =T,z e 5",

(u,Yj(k)) is the scalar product in L?(S") and v, = (2k+’27(i)£k2;n_3)! is the

number of linearly independent spherical harmonics of degree k£ and scalar
product in L?(S™) is defined as

1
wn Sn
where ds is an element of area of the sphere S™ and w, = ﬁ?j) be the area
2

of surface.
Veselovs'ka [8] defined the generalized order and lower order of an entire
harmonic function v € R™ for o € L° and 8 € A by the formulas:

Pap(1t) = limn sup a(logﬁj\({ngr; 4) :

log M (r;
Aas() = lim inf allog g (T()T w).

where M (r;u) = max,egn |u(rz)|.

Veselovs'ka [8] obtained coefficient characterizations of p, g(u) and A, g(uw)
in terms of approximation error in sup norm. In this paper, we will study
generalized order p, s(u) and generalized lower order A\, g(u) in terms of ratio
of approximation errors in sup norm and L?-norm.

The approximation error of function u € Hg by harmonic polynomials P €
II,, is defined as

Eg(u) = inf {max |u(y) — P(y)]}, (2.10)

Pelly, yEBR



Generalized Orders and Approximation Errors of Entire Harmonic Functions...567

where II; be a set of harmonic polynomials of degree not exceeding k.
Now we state the following lemmas which will be used in the sequel.
Lemma 2.1 [8]. If u € Hg, then for all k£ € N inequality

2v
mae [V ) (6 )| BF < 2EH 2T

gesn - (2)! B (v)

holds, where v = T2
Lemma 2.2 [8]. For an entire harmonic function v € R",n > 3, the
following estimation holds

B (u) < (212/) (20 + 1)(k + 20)2 M(r: u)(R) Wk €Z.,r > eR.

3 Main Results

Theorem 3.1. Let u € Hi be continued to an entire harmonic function in
R™. For a(z) € A, B(z) € L° Set F(x;¢) = 4 ea(x)]. If L&D — (1)

dlogx
as x — oo for all ¢,0 < ¢ < oo and (k) = {log|Ek§§u 1}/ (Akr1 — i) is

non-decreasing function of £, then

A
Pa,p(u) = limsup (M) (3.11)
e B g log |2 2
Proof. Consider the entire function of one complex variable
- (2v)! k Z A
= E _ k’
hz) ,;0 V2(2u + DI(k 4 20)% r(1)()
_ — 4 2 k-1 “ A
Now using lemmas 2.1 and 2.2 for r > eR, we get
p(r; fr) < M(ru) < Y& )|+ M(r; fo). (3.12)

where u(r; f1) is the maximum term in power series expansion of the function
fi(z) and M(r; f5 is the maximum term of the modulus of the function f5(z).
Thus from (3.2) we obtain

Pas(f1) < pas(u) < pap(fa). (3.13)
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Now using Theorem A for the functions fi(z) and fy(z) we get

Pa,(f1) = pa,s(fo) = hmsup a(Ar)
k—00 ﬁ{()\k ) log|

RER (u) |}

In view of (3.3) we obtain the required result (3.1).
Theorem 3.2. Let u € Hgi be continued to an entire harmonic function in
R™. For a(x) € A, 5(z) € L° and

oo alée(©)

=00 aff]

_1if 1 P9 g

Eo00 &

for ¢ defined on [a, 00) increases indefinitely, then

alAg,_,]
R ) e R B loglR o By ()

} (3.14)

and
o[k, 1]

m—o0 REk7”71(u)
Bloemre 108 g |

Aag(u) = max{hm inf s (3.15)

{lem}

where {)\, } is subsequence of integers {\,} and E5"(u) € {Ek(u)}.
Proof. It is known from the construction of Newton’s polygon that order p
and lower order A defined bu (1.1) and (1.2) are the same for the functions
f1(2), f2(2) and their auxiliary functions

_ - Vv (2v)! K, <
)_Z\f 2 )y W R

f2*(z) = Z %(k‘ + 2V)2VE}I€%7”_1(u)(%)>\km71’

constructed such that fi(2), fa(z) and f;(2), f5(z) have the same principal
indices respectively; i.e., they have the same maximum modulus terms. Tak-
ing into account Lemma C, we obtain

L A, 1]
>\a 1) = )\a 2 Z lim inf 3.16
a(f1) 5(f2) 10 111 mx;jm log[ R~ km Efm (u)] 1] (3.16)
and
Mas(1) = Aas(f2) 2 liminf ““’“m-” (3.17)

1 ney T
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for every subsequence {\;.};{\} and (E%"(u)) are corresponding coeffi-
cients. But as f;(2) and f;(z) satisfies all the conditions of Lemma D, hence
from (3.4) and (3.5) we obtain

.. Oé[)\k —1]
Ao = A\, = A\, g(t) = max{lim inf o
,6(f1> ,ﬁ(f2) ,B( ) {km}{ sog ﬁ[ﬁ log[R‘AkmEf{"(u)]_l]}
= max{lim inf P }
{km}  m—o0 1 ] RE;mfl(u) .
ﬁ[()‘km_)‘kmfl) 0g| Eg”(u) H
(3.18)

Now using (3.2) we have

Aap(f1) € Aap(u) < Aap(fa)

it follows from (3.8) the completeness of the proof of Theorem 3.2.
Remark 3.1. For «o(t) = f(t) = logt the Theorem 3.1 gives the following
formula for the order p, s(u) of u € R™

logAk

Pap(u) = lim sup 1(u)] —
k™ k-1

N
k—o0 ER
log 1og[R7E;k W

4 Growth of Entire Harmonic Functions in
Terms of L?>-Approximation Errors

Let L%(S™) denote the class of real valued functions u(rz) which are entire
harmonic in the unit sphere S™ and for which [ [, |u(ry)[?ds(y) < oo. Let

3w = {gin [ [ Julw) - Plo)Pasi}.
€Ty gn

It is known that if u € L2(S™) and {e%F(u)}* — 0, then u(rz) is an entire

function.

Theorem 4.1. Let v € L*(S") and {e%k(u)}% — 0 as k — oo. Then u(rz)

is an entire harmonic function. Furthermore,

G(rx) = e2F (u)rk

k=0
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is entire and we have

Pa,8(G) = pas(t), Aas(G) = Aas(u) (4.19)

and formulae similar to (3.1),(3.4) and (3.5) E%(u) replaced by %" (u) hold.
Proof. From [3] we have

k+v
vwy,

Y0 (2 ) = / . y)luly)ds(y) (4.20)

where k € Z,,x € S™, (.) is the scalar product in R"” and ¢} are the Gegen-

bauer polynomials of degree k£ and v = ”7_2 It is known that a harmonic
polynomial is the sum of homogeneous harmonic polynomials, using the sum-

mation theorem [2, p.235], for the Gegenbauer polynomials ¢}, we obtain

/ (& mIPrn)dsn) = 0. (4.21)

where P € ;1,0 < 7 < Rand £ € S". Using (4.3) with Schwartz inequality
in (4.2), we get

NI=

Y® (& u)rh

=22 Jetlemlutrn) = PPt ([ dstn).

Wy, gn

From [2, p.176] we have

(k+2v—1)!
14 < v —
ma [¢{()] < (1) = T 2

it gives

YO (& )|t <E Y
ryw.

—ci(Uun( | lu(rn) = P(ro)ds(n))?

2(k 4 2v)! 54
S~y r W

2k +20)% o,

Ty

Using the definition of €%*(u) we obtain

e () <[l u(y) = P(u) 2< A* max Ju(y) — P(y)| = A2 Ef(u)

yEB™R
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where A is the area of B},. Now using Lemma 2.2, we have

e2F(u) < E(QV + Dk + 2v)2 M (r; u)(R)k

2] -

Hence
M(r;G) < (SVA)! (2v+1)! ;(k + 20)% M (r; u)(?)k.
so for all sufficiently large r
M(Z,G) < M(r;u). (4.22)
Further
M(r,G") < i keXF (u)rk

k=1

= % ,; k2(k(iyz) )2 YO (@ u)|rrt

> lf: [V ®) () |k

"=

> (1+ 0(1))M<:? v)

it gives

M@ +1,G)> (1+0(1))

M) a2

Now the result (4.1) follows from (4.4) and (4.5). The remaining proof follows
as in Theorem 3.1 and 3.2.
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