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Abstract

In this article, two subclasses of meromorphic bi-univalent func-
tions are introduced and discussed. The first three coeflicient bounds
are obtained and proved.

1 Introduction

Let A denote the class of all analytic functions which are defined in the

unit disc U = {z : |z| < 1} and which can be written in the form:

f(z) = z+Zanz", a, € C.
n=2

Let S be the class of all normalized analytic univalent functions in A. An
analytic function f is subordinate to an analytic function g, written f < g, if
there is an analytic function w with |w(z)| < |z| such that f = (g(w)). If g is
univalent, then f < ¢ if and only if f(0) = ¢(0) and f(U) C g(U). A function
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f(2)
for z € U. Alternatively, f € S*(«) if Z]J:ES) < (H2)*. A subclass S,(p)
of stlarlike functions with respect to symmetric points satisfies the condition
#](f()_z) < (z), for all z € U. A subclass K () of S is a convex function

with respect to symmetric points satisfies the condition % =< ¢(2),

f € S¥(a) is strongly starlike of order (0 < a < 1) if ‘arg(zf,(z))} < 9,

for all z € U. The Koebe one-quarter theorem [1] ensures that the image of
U under every univalent function f € A contains a disk of radius 1/4. Thus
every univalent function f has an inverse f~! satisfying

fHfR) =2 (2€U) and

FHf(w) = w, (Jw| < ro(f),ro(f) > 1/4) where

fHw) = w — agw® + (2a3 — az)w® — ...,
A function f € A is said to be bi-univalent in ¢/ if both f and f~! are
univalent in /. Let o denote the class of bi-univalent functions defined in the
unit disk /. In 1967, Lewin [2] introduced the class o of bi-univalent functions
and he proved the second coefficient for a function f in (1.1). Brannan
and Clunie [9] proved Lewin’s result by proving |as| < v/2. Many authors
3,4, 5,6, 7,8, 9, 10] investigated classes of bi-univalent analytic functions
and found estimates on the coefficients for functions in these subclasses. Let
>) denote the class of meromorphic univalent analytic functions f that are
defined in the domain A = {z € C : 1 < |z] < oo} and have the Laurent
series expansion

f(z):z+zz—z, b, € C (1.2)
n=0

Estimates of meromorphic univalent functions coefficients were widely in-
vestigated. Schiffer [11] obtained that [by| < 2 for a meromorphic function
g € ¥. If by = 0, Duren [2] derived the inequality |b,| < 25 for the co-

efficient of meromorphic univalent functions with b, = 0 for 1 < k < 5.

Springer [18] showed that |Bs| <1 and | B3 + %Bﬂ < % and conjectured that
| Bop—1| < %, (n = 1,2,...). In this article, ¥.5* and ¥ K denote the
subclasses of meromorphic starlike and convex functions in S respectively.
The concept of meromorphic bi-univalent funtions is given and studied by
Suzeini et. al. [16] in the domain A = {z € C: 1 < |z] < oo}, since h € ¥

of the form (1.2) is univalent, then it has an inverse h~! satisfying

Rt (h(2)) =2 (for z€ A)
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and
h(h™H(w)) =w (for 0 < M < |w| < o)

The inverse function h~! can be written in the form

B
1 n
UJ) w + Eown, |w| 0.} ( )

So that a function g € ¥ is meoromorphic bi-univalent if ¢g=* € ¥, and the
class of all meromorphic functions is denoted by ¥g. By a simple calculations
we get:

i by +bobi by + 2boby + b + b7 N

h_l(w)—w—bo——l—
w

— — (1.4)

For a positive integer k, let ¢ = e then a k-symmetric function f, with
respect to points is given by

wlr—‘
M”

Qf(i—1)
Ji(z) = J(e%) _Z+Z ZRG-1)

It is obvious that fi(z) = f(z) and fa(2) = W In this paper, the
differential operator U, of a function f is defined as

Oa fr(2) = (1= A)ful2) + A 2fi(2)

<
Il
=)

b.
(1A b0+Z1— (i — 1) + DA )

and

Ox (2f(2)) = (1=N)zf' (2)+ A 2(2f(2)) = z+2k i—1)[Mk(i—1)+1)—1] ﬁiiiiii

f0r0§>\<#1.

Suppose that P is the class of all functions with positive real part.

Lemma 1.1. [13] If s(z) € P for z € A such that Re(p(z) > 0, then
lsi| <2, where

s(2) =142+ S+
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Definition 1.2. A function f € A is in the class XUx(k, ¢) for 0 < A <1
of

(BA(=£1(2)
< GrUul2) )*W"

The class YU, (k, ¢) is a generalization of various subclasses of strongly

starlike and convex functions with respect to symmetric points. It is easy to
note that if A = 0, then XUy (k, :42) = S*(A, B) due to [14], if A = 0, then

YU00(2, p) = Si(p) due to [15]. Klg(z), if A =1, then XU, (2, ¢) = Cs(¢) due
to [15].

One objective of this paper is to introduce a new subclass of a function f
in the class XU, (¢) and determine estimates on the coefficients |b;| and |bs|.

2 The main results
A subclass of meromorphic bi-univalent functions is introduced.

Definition 2.1. A function f € ¥ given in (1.2) is in the class XU, (k, @)
for0 < A<1and0< a <1 ifit satisfies

Z(&(Zf;é(Z))) ar
arg | —~7r o || <5 forzeA 25
g < Ox(fr(2)) 2 / (2.5)
w(OAwhi(w))\| _ an
- A 2.
and arg ( O (e (1)) < 5 forw e (2.6)
where
h(w) = w — by — bﬁ B bra + bobr1 _ brs + 2bobx1 + b3br1 + b2, N

w!l w2 w3

After some calculations, the coefficient bounds for a function f € XU, (k, )
are estimated.

Theorem 2.2. Consider a function f € SUy(k,a) for k € N, 0 < A< 1
and 0 < a < 1. Then

lbo| < (2.7)

(1=2)
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20/

O [ —
|k1|_|>\(k+3)—2|

and

%oz?’ — %oﬂ + 2«

<
bzl < |2k +7)A — 3

Proof. From the above definition it follows that

2(Ba(2£i(2))

) = (s(2))", for z €A,

w (O (whi(w))
Ox(hi(w))

where s(z), r(w) € P and have the forms

and = (r(w))* for w € A,

S1 So
=1+—4+ =+ ..
s(z) t— ot

and

1 2
N as;  sala—1)s7+ asy
(s =14+ — + i

La(a—1)ri+
() =1+ %0 4 200 Dt
w

w2

From (2.3) and (2.4), it follows that

()\— 1)b0 = Sy

Ak +3) — 2) by = (0ss — %a(a _1)s2)

((2k + )\ — 3)byo = %a(a — (o= 2)s* + ala— 1)sis,

251

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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1
+ass + asibp (1 — (B + 1)N) — 5&(04 —1)(A = 1)s2bg

and

—()\ — 1)60 = Qanr

%Mk+$—%@yz@m—%da—nﬁ)

~((2k+ A = 3o = cala— (o~ 2)r{ + alo ~ riry

1
+ars + aribg (1 — (E+ 1)A) — §a(a — 1) (A = 1)rabg

From (2.5) and (2.8), we have

S1=T1
and
g @)
2(1 = \)?
By Lemma 1.1, it follows that
2«
|bo| < TN

From (2.6) and (2.9) it follows that

sz — oo — D)si]? + [ary — ga(e — )ri]®

2 2
by =

2(A(k+3) —2)?
By Lemma 1.1, we have

20/

D] < ———
|k”—|Mk+3y—m

In addition, from (2.7) and (2.10), it follows that
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(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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a(a—1)(a—2)s3+a(a—1)s1s2+asztasibg (1—(k+1)A)— %oz(oz—l)()\—l)szbo}2
2((2k+7)A—3)2

b2 _[%
k2 —

[%a(a—l)(a—2)r?+a(a—1)r1r2+ar3+ar1bk1(1—(k+1))\)— %oz(oz—l)()\—l)rgbo}2
+ 2((2k+T7)A—3)2

By Lemma 1.1, we have

4.3 14,2
SQ ERY + 2«

<
bra] < |(2k + T)A — 3|

(2.25)

This completes the proof of the theorem.[]

Definition 2.3. A function f € ¥ given in (1.2) is in the class LU, (k, )
forO<A<land0<p<1if

(Z(UA(Zf;Q(Z))

NIAD) ) >3, forzel (2.26)

and

(w(UA(wfé(w))
Oa(fi(w))

Theorem 2.4. Let a function f € XU\(k,5) fork € N, 0 < A < 1 and
0<pB<1. Then

) > 3, forwel.

_20-9)

|bo| < =Y (2.27)
2(1 —B)|1 — 28]
|bra| < T3 -2 (2.28)
and
21 =pB)[(1=28)1 =) +2(1 = B) + 1]
|br| < QF T3 (2.29)
Proof. From Definition 2.3 it follows that
2(Dxf(2)) _ _ B)s(z
TN K@) Az () 019 (230)
and
w(Daglw)) —g(-As) (231)

(1= A) Ko(g(w)) + Aw Ki(g(w))
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where s(z) and r(z) are given in (2.11) and (2.12) respectively. From (2.26)
and (2.27), it follows that

(A=1)bo = (1 = B)s1 (2.32)
Ak +3) =2) by = (1= B)(s2 — (1 = B)s) (2.33)

(2 + )X = 3)bro = (1 — B)[s1(1 — (k + 1)A\)bgs + (1 — N)s1bg + s3] (2.34)
and
~(A=1Dby=(1-5)n (2.35)

~(A(k +3) = 2) b = (1= B)(ra — (1 = B)ri) (2.36)

—((2k +T)X = 3)ba = (1 — B)[r1(1 — (k + 1)A\)bgy + (1 — N)ribg + 75)(2.37)
From (2.28) and (2.31), we have

si=—r and 202 = (1= g)i(sj)j ) (2.38)
By Lemma 1.1, we get
2(1 - B)
|bo| < Ty (2.39)
From (2.29) and (2.32), we have
o _ (L= B)%[(s2 = (1= B)s)* + (ra — (1 = B)r§)?]
P = 2Nk + 3) — 2) (240)
By Lemma 1.1, we deduce that
2(1 — B)|1 — 28|
b | < 13 -2 (2.41)
It follows form (2.30), (2.33) and by using Lemma 1.1 that
b < 2B =280 N +20-5) + 1 o)

|(2k + T)A — 3]
This completes the proof of the theorem.[]
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