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Abstract

We introduce a new subclass for harmonic univalent in the unit
disk U define by the constructed operator L in [1]. Properties such as
coefficient bounds, distortion bounds, extreme points, and convolution
will be studied.

1 Introduction

Let f = u +iv be a complex valued harmonic function in a complex domain
C that is both u and v are real harmonic in C. Let

f(z) =h+7 (1.1)

where h and g are analytic in D C C and D is any simply connected domain.
Let SH be the class of functions f = h + g that are harmonic univalent
and sense-preserving in the unit disk U = {z € C : |z| < 1} for which f(0) =
h(0) = f(0) =1 =0, h and g define as follows

h(z) =243 an2",g(z) =Y bu2" |by| < 1. (1.2)
n=2 n=1
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In 1984 Clunie and Sheil-Small [8] introduced and investigated the class SH
as well as its geometric subclasses and obtained some properties of this class
and this motivated many researchers to introduce some subclasses of the
class SH, (see [3,4,6]). The importance of these functions is due to their
use in the study of minimal surfaces as well as in various problems related
to applied mathematics. Let D™ with (n € Ny = 0,1,2,...), be the Salagean
derivative operator defined as D" f(z) = D(D" ' f(z)) = 2[D" ' f(2)] with
D°f(z) = f(z) given as

Df(z)=z+ Y k'a,2". (1.3)
k=2

Let I one-parameter Jung-Kim-Srivastava integral operator defined as I f(z) =
221“_0 foz(wg%)a_lf(t)dt given as

I°f(2) = 2+ :2 (kiﬂ)g apz®. (1.4)

The operator L7 was define as follows in [1]

o 2 g
LIf(z) =2+ > k" <—) apz®. (1.5)
; k+v1) "

with L2 f(2) = D" f(z) and L§f(z) = I° f(z). We define the operator on f
as follows

L7 f(z) = Lyh(z) + (=1)"L7g(2). (1.6)
where LIh(z) = 2+ Y00, k" (7)) arz™ and Log(z) = Y07 k™ (1) arz”
and also L

Lyf(2) = h(z) + g(2). (1.7)

The two operators have been used by researchers to generalised the concepts
of starlikeness and convexity of functions in the unit disk. (see [9,10,11]).
We define M”(3) be the family of harmonic functions of the form (1) such

that
Re (M >> B. (1.8)
M7 f(2)

Clearly the class M (/) includes a variety of well-known subclasses of SH.

For example, M (3) = SH(p) is the class of sense-preserving, harmonic uni-
valent functions f which are starlike of order 3 in U and M} (3) = KH is the



On Subclass of Harmonic Univalent Functions... 467

class of sense-preserving, harmonic univalent functions f which are convex
of order  in U studied by Jahangiri [2], M (/) is the class of Salagean-type
harmonic univalent functions introduced by Jahangiri et al. [5,7]. We let the
subclass M, () consist of harmonic functions f, = h(z) + gn(2) in the class
M?*(5) where h and f are of the form

_Z—Z|ak|z Lg(z Z\bk\z |be| < 1. (1.9)

In this work, we give the sufficient condition for functions in the class M (/)
which is sufficient for the functions in the class M.(f). The distortion,
extreme point and convolution for the functions in the class M. () were also
obtained.

2 Main Results
Theorem 2.1. Let f(z) = h(z) + g(2), where h(z) and g(z) are given by
(1.2) If
> [k = B)larl + (k + B)|beJk™(2/k +1)7 < 2(1 = B). (2.1)
k=2
where ay = 1, 0 < 8 < 1, o,n € Ny.then f is sense-preserving, harmonic
univalent in U, and f € M2 (5)
Proof If z; # 2z5. then

‘f(%) - f(22))
h(21) — h(z2)

g(z1) — g(2) 2211 bk(ziC - 25)
h(21) — h(z2) (24 — 25) + D p g ar(2f — 25)

1= s kay D ey K27/ (k + 1)7]ag|

which proves univalence. Note that f is sense-preserving in U, because

' (:)] > (1 —Zk\akw—l) > (1—an (,f%l)u)

> <Zk" (%H)Um) > (;kmnzw—l) SPICTICE

-

>1 -

k=1
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by (1.8)

L f(2)) _  Lth(z) + (ZD Lt ()
fie (Lﬁ“f(Z)) B < k(=) + (D" L9 (2) ) >0 (24)

Using the fact that Rew(z) > g if and only if |1 — f+w| > |1 + 6 — w], it
suffices to show that

Ly f(2) Ly f(2)
Lyf(z) Ly f(2)

L5 f(2) + (L= B)Lpf(2)] = [L5T f(2) = L+ B)Lyf(2) =0 (26)
substituting for L"*1 f(z), L" f(z) in (2.6), we have that

‘1—ﬁ+ ‘—‘1+ﬁ— >0 (2.5)

L h(z) + (F) L g(=) + (1= B) |Lah(z) + (=1L g(2)] |

L3 R(z) + (F Ly g(2) — (1+ B) [Lah(=) + (—1) L ig(2)] |

- n 2 7 n - n 2 T —
DM () o+ o ok ()

st
+(1-8 z+Zk"< )oakzk+(—1)"gk"<ki“>0m7]
oS () s o S ()
—(1+5) z+Zk"<k+1)oakz’“+(—1)"gk"(%ﬂ)gﬁ]

S S (%H)ak —(—1)ng(k+1—5)kn<ki+l)abkzk

‘ 2+ (k—1- (l{%l)aakz —(—1)”§(k+1+ﬁ)k”<%>a
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—2(1-5 [1—§2k"(k_§) (kil) |ax| — Z%"(kf? (kil) |ka]

k=2

(2.7)
This last expression is nonnegative by (2.1), and so the proof is complete.
The harmonic function

Jk+0) (2 kB8 2\ .
—i—ZQk 1= 5 <k+1) TR +Z2k =5 (l{;—l—l) (%

(2.8)
where n,o € Ny, 0 < 8 <1, and > 2,25+ D> oy Yk = 1, shows that the
coefficient bound given by (2.1) is sharp. The functions of the form (2.7)are
in M2 (5) because

(k—B) (’f +5) n
an |ay| + Bw4k<ﬁﬁ)—LQ]mHzmM—Hkﬂ
(2.9)
Theorem 2.2. Let f,,(2) = h(z) + gn(2), then f € M,(B) if and only if

> (k= B)lax| + (k + B)|belk"(2/k +1)7 < 2(1 = ) (2.10)

where a; =1 0< 3 <1, 0,n€ Ny. and f € M*(5)

Proof By condition (1.5) and since M. (3) € M™(53), it shows that (2.10)
is true

Theorem 2.3. Let f, € M,(5), then for |z| =7 < 1, we have
1 /1-— 1+
FOI< At o+ g (55 = 5 lhl) o

7 \2-3 2-3
1 /71— 1
FOIZ A+ o (5= 5 0ml) 2

Proof Taking the absolute value of f(z), we obtain

‘_ z—Zakz —|— Zbkzk

< (L by + Y (gl + [bs])r*

k=2
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o0

L+ [bal)r + 72> (lax] + [bel)

k=2
1-8 (¢ @2-p)2 (2-p)2"
S (1—|—‘b1|)7’+ (2—5)2" (; 1_5 |ak‘+ﬁ|bk|> 7"2 (212)

1-p — k=8 2\ DB (2 N 2
S(lﬂbl\)?”rm (;k 15 <k+1) |ay| + & 1= 5 (k:+1) |bk\>7”

1-— 1
< W br + e (1= T 5

for |by| < 1. This shows that the bounds given in Theorem (2.3) are sharp.

By following proof , the lower bound is achieved and the proof is omitted.
Corollary 2.1 If the function f, = h, + g, in f € M. (3)

2n+1_1_(2n_1)5 2n+1_|_1 :|

w:|w| < (2.13)

Theorem 2.4. Let f, = h, + Gn, where h and g are given by (1.8), f €
(5) if and only if
fa(2) = (Xkhi(2) + Yigni(2)) (2.14)

where hy(2) = 2z — (1 — B)/(k — B)k™(k + 1/2)72%, where (k = 2,3,...),
Gk = 2 — (=1)"(1 = B)/(k — B)k"(k +1/2)°2% and (Xx +Y3) =1, X} >0,
Yr > 0. In particular the extreme points of M (B) are hy and gpy

Proof for functions f, = h + g, where h and g are given by (1.8), we
have that

Z (Xehi(2) + Yignk(2))
=1

> (XA Yi) =Y 18/ (k=B)k" (k+1/2)" X2+ (=)™ > _(1=8/)/(k+B)k" (k+1/2)7Y;2"
k=1 k=2 k=1 (2 15)
then




On Subclass of Harmonic Univalent Functions... 471

and so f is in closed convex hulls of M(5). The converse is true and the
proof is omitted In the next theorem, we show that the class M?(3) is in-
variant under convolution

For harmonic function f,(z) = 2z — Y oo, ag]z® + (—=1)" Y07, |bx]2* and
Fo(2) = 2 = >0, |Akl2" + (=1)" >°02, | Bk|2". The convolution f(z) and
F(z) gives

(f+ F)(2) = f(2) * F(z —Z_Z|akHAk|Z +( Z\kaBk\z

Theorem 2.5. For0 <~y < g <1, let f € M) and F € M} (). Then
f(2) x F(z) € My(P) € M7 (7)

Proof Let the functions f,,(z) = 2—>_p, |ax|z*+(—1)" >_p, |bk|2* be in
the class M () and the functions F,(2) = z— oo, [Ag|2F+(=1)" 322 | | Bi| 2"
be in the class M? (). We need to show the convolution satisfies the required
condition of theorem 2.1, note that |Ax| < 1 and |Bg| < 1. By the convolu-
tion, we obtain

— k — 2 k 2\’
S48 () w15 () mimd @10

~k—-B/( 2\, “k+8/( 2 \’
<205 () w2 ()

k=2
k-8B 2\ . k+B L 2 \°
< ;m (k—+1) k" |al +;m (k—Jrl) e <1 (2.17)
since 0 < v < p < 1and f € M*B). Therefore f(z) x F(z) € M*() C
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