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Abstract

Using the notion of («, 5)-type fuzzy sets, conditions for a subset
to be a subalgebra in BC'K/BCI-algebras are provided. Given ¢,0 €
[0,1] with & > ¢, conditions for the (g, §)-characteristic fuzzy set to
be fuzzy subalgebras with the type («, ) are discussed.

1 Introduction

The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which is
mentioned in [11], played a vital role to generate some different types of
fuzzy subgroups, called («, 8)-fuzzy subgroups, introduced by Bhakat and
Das [1]. In particular, (€, €V q)-fuzzy subgroup is an important and useful
generalization of Rosenfeld’s fuzzy subgroup. In BCK/BCI-algebras, the
concept of (a, B)-fuzzy subalgebras, which is studied in the papers [3], [4],
[5] and [12], is also important and useful generalization of the well-known
concepts, called fuzzy subalgebras. Recently, Muhiuddin et al. studied the
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fuzzy set theoretical approach to the BCK/BClI-algebras on various aspects
(see for e.g., [8], [9], [10]).

In this paper, using the notion of («, 8)-fuzzy subalgebra ,ué‘?’&), we inves-
tigate conditions for the S to be a subalgebra of X where («, ) is one of (€&,
evar), (€ @), (a, €), (@, 9, (¢, @), (@, @), (€, EAa), (¢, EVar),

(¢ €Nar), (ar, €Ng), (ar, €V ), (e, €EAa), (@, EVar), (EVa, a),
(e Nq, q) and (€ Agg, qr). Given €, € [0,1] with ¢ > §, we discuss

conditions for the (g, §)-characteristic fuzzy set to be fuzzy subalgebras with
the type (a, ().
2 Preliminaries

By a BC1I-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the
axioms:

(al) ((mxy)* (zx2))* (zxy) =0,
(a2) (zx (zxy))xy =0,

(a3) zxx =0,

(ad) zxy=y*xx=0 = z=y,

for all z,y, 2z € X. We can define a partial ordering < by = < y if and only
if %y =0.1If a BCI-algebra X satisfies the axiom

(ab) 0%z =0 for all z € X

then we say that X is a BC K -algebra. A nonempty subset S of a BOK/BC1I-
algebra X is called a subalgebra of X if zxy € S for all x,y € S. We refer the
reader to the books [2] and [7] for further information regarding BCK/BCI-
algebras.

A fuzzy set p in a set X of the form

[ te(0,1] if y=u=x,
is said to be a fuzzy point with support x and value ¢ and is denoted by z;.
For a fuzzy point z; and a fuzzy set p in a set X, Pu and Liu [11]

introduced the symbol x;apu, where a € {€, q,€ Vq,€ Aq}. To say that
x; € p (resp. xy q 1), we mean u(x) >t (resp. u(x) +t > 1), and in this
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case, x; is said to belong to (resp. be quasi-coincident with) a fuzzy set p.
To say that x; € Vq pu (resp. x; € Aq p), we mean x; € f or x;qp (resp.
x; € p and xyqp). To say that z; @ p, we mean z;ap does not hold, where
ae{€ q,eEVq,ENG}.

A fuzzy set p in X is said to be an (a, 8)-fuzzy subalgebra of X, where
a,fe{€, q,eVq,€ENg}and a# €Ng, (see [4]) if it satisfies the following
condition:

Ty Qfy Yo U = (LL’ * y)min{t1,t2} B:U’ (21)

for all z,y € X and ¢4, € (0,1].

3 (g, §)-characteristic fuzzy sets

In what follows, let X denote a BC'K/BCI-algebra, S a non-empty subset
of X and ¢,6 € [0,1] with € > 0. Also, let k denote an arbitrary element of
[0,1) unless otherwise specified.

To say that x; g i, we mean u(x) +t+ k > 1. To say that x; € V¢ p,
we mean xr; € WU or Iy qr M.

Definition 3.1. A fuzzy set p in X is called an («, B)-fuzzy subalgebra of
X if it satisfies:

Ty, Oy Y, QUL = (x*y)min{tl,tz}ﬁﬂ (3~1)

forallx,y € X and ty,ty € (0,1] where (o, B) is any one of (€, EV qx), (€,
EAqk)? (67 Qk); (q7 qk)) (q7 quk); (q7 E/\Qk); (qk7 e); (qk7 qk)) (qk7
evVaq), (g, €Nq), (G, €Var), (ar, EANG), (EVq, @) and (EN G, Gk ).

Lemma 3.2 ([6]). A fuzzy set p in X is an (€, €V qx )-fuzzy subalgebra of
X if and only if it satisfies:

(v,y € X) (ula * y) = min{pu(2), u(y), 5£}) (3:2)

Corollary 3.3 ([4]). A fuzzy set pin X is an (€, €V q)-fuzzy subalgebra of
X if and only if it satisfies:

(Vz,y € X) (p(z * y) > min{u(x), u(y),0.5}). (3.3)

In what follows, let X denote a BC'K/BC'I-algebra, S a non-empty subset
of X and ¢,0 € [0, 1] with € > ¢ unless otherwise specified.
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Define an (g, 0)-characteristic fuzzyset ,u(SE"S) in X as follows (see [8]):

(5,5)(:6) . { e if xeb,

Hs § otherwise.

In particular, the (e, §)-characteristic fuzzyset ,ug’é) in X with e = 1 and

0 = 0 is the characteristic function yg of S in X.

Theorem 3.4. IfS is a subalgebra of X, then the (&, 0)-characteristic fuzzy-

set ,ug’é) is an (€, €V qy )-fuzzy subalgebra of X.

Proof. Assume that S is a subalgebra of X. For any =,y € X, if x,y € S,
then z xy € S and so

,6 . ,6 76 —_

If2 ¢ Sory¢S, then ug” () = 0 or ji"”(y) = 0. Hence
£,0 . 6 - B
P wy) > 6> min {0 (), w0 (w), 54

It follows from Lemma 3.2 that ,ug’é) is an (€, € V ¢ )-fuzzy subalgebra of
X. O

If we take £ =1 in Theorem 3.4, then we have the following corollary.

Corollary 3.5. If S is a subalgebra of X, then the (g, §)-characteristic fuzzy-
(£,0)

set pug'” s an (€, €V q)-fuzzy subalgebra of X.
The converse of Theorem 3.4 is not true in general as seen in the following
example.

Example 3.6. Let X = {0,a,b,¢,d} be a BCK-algebra with the Cayley
table which is given in Table 1. For a subset S ={0,¢,d} of X, consider an
(e, §)-characteristic fuzzyset ,ué‘?’&) in X withe = 0.7 and 6 = 0.4. Then ,ug’é)
is an (€, €V qx )-fuzzy subalgebra of X for k = 0.2, but S is not a subalgebra
of X sinced*c=">b¢S.

Theorem 3.7. Let the (g, 0)-characteristic fuzzyset u(g’é) be an (€,€V ¢ )-
fuzzy subalgebra of X. If 2e + k < 1, then S is a subalgebra of X.
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Table 1: Cayley table for the x-multiplication

QL O Qe O %
OO OO oo
QL O O O
QO oo o olc
SO OO On
S OO OOl

Proof. Let x,y € S. Then u(;’é)(x) == ,u(e’é) (y). Using Lemma 3.2, we
have

76 . ,6 ,6 — . —
ps® (2 ) > min {ufﬁ M(2), 157 (), 12—’“} = min{e, 55} =¢,

and so x xy € S. Therefore S is a subalgebra of X. O
Taking k£ = 0 in Theorem 3.7 induces the following corollary.

Corollary 3.8. Assume that ¢ < 0.5. If the (e, )-characteristic fuzzyset
u(g’é) is an (€, €V q)-fuzzy subalgebra of X then S is a subalgebra of X.

Corollary 3.9. A non-empty subset S of X is a subalgebra of X if and only
if the characteristic function xs of S is an (€, €V q)-fuzzy subalgebra of X.

Proof. The necessity is by taking e = 1 and 6 = 0 in Corollary 3.5.

Conversely, suppose that the characteristic function yg of S is an (€, €
V q )-fuzzy subalgebra of X. Let x,y € S. Then xs(x) =1 = xs(y), which
implies from (3.3) that

xs(x *y) > min{xs(x), xs(y),0.5} = min{1,0.5} = 0.5.
Hence x xy € S, and therefore S is a subalgebra of X. O

Theorem 3.10. Let ,uge’é) be an (€, qx )-fuzzy subalgebra of X. If 20+ k < 1
ore+ 0+ k<1, then S is a subalgebra of X.

Proof. Let x,y € S. Then ,ug’é)(x) =& >0 and ,u(;"s)(y) = ¢ > ¢, that

is, x5 € ,u(;"s) and y5 € ,u(;"s). Hence (z * y)s = (2 * Y)min{s.,5) Gk ,u(;"s), which

implies that ,u(Sa’é) (xxy)+d+k>11f 20 + k < 1, then ,u(Sa’é) (x xy) >
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1-6—-k> 1—%—1{:— Lk > 5. Thusp(se’5)(a:*y) =¢c,andsox*xy € S.
Therefore S is a subal ebra of X. Now, suppose that € +0 + k < 1 Since
T € N(s and Ye € us , we have (2% y): = (T * Y)minfe,} i /~Ls , which
implies that ,uS )(:c xy)+ec+k > 1. Since e+ + k < 1, it follows that
u(;é)(z*y) >1—¢—k >0 and so that ,u(SE’&)(x*y) =¢e. Thus zxy € 5,
and S is a subalgebra of X. O

If we take £ = 0 in Theorem 3.10, then we have the following corollary.

Corollary 3.11. Let /~Ls ) be an (€, q)-fuzzy subalgebra of X. If § < 0.5 or
e+0 <1, then S is a subalgebra of X.

Theorem 3.12. Assume that 2 +k > 1. If the (g, d)-characteristic fuzzyset

,ug s a (qx , €)-fuzzy subalgebra of X, then S is a subalgebra of X .

Proof. Let x,y € S. Then ,ué?’ )( )=¢e= ,ug (y), which implies that

Mgé)( )+€+k:6+6+k>1and,u 0 (y)+5+k:5+5+k>1’

(£,9) +

that is, z. ,ug and . gy, Ns ). Since pg is a (qi , €)-fuzzy subalgebra of

X, it follows that (z*y). = (T *Y)minfe, e} € ,ug’é) and so that ,ug’é) (xxy) =
that is, z * y € S. Therefore S is a subalgebra of X. O

If we take £ = 0 in Theorem 3.12, then we have the following corollary.

Corollary 3.13. Let ¢ > 0.5. If the (&, 0)-characteristic fuzzyset ,u( =) s q
(q, €)-fuzzy subalgebra of X, then S is a subalgebra of X .

Theorem 3.14. Assume that 2¢ +k > 1 and ¢ + 6 < 1. If the (e, 0)-

characteristic fuzzyset ,u(SE’é) is a (qr,q)-fuzzy subalgebra of X, then S is a

subalgebra of X .
Proof. Let x,y € S. Then ,u(SE’é)(x) =e= u(;’é) (y), which implies that

1S (x )+5+k::5+5+k >1and ySV()) +e+k=cte+k>1,
that is, x. ¢ Ns ) and Ye Qi N(s . Since u(;’é) is a (g, q)-fuzzy subalgebra of

X, it follows that (z*y). = (T%Y)min{e, e} q,u(;’&). Hence ,u(SE’&) (xxy) > 1—e >,

and therefore ,ué‘?’&) (xxy) = e. This proves that xxy € S, and S is a subalgebra

of X. O

Theorem 3.15. Assume that ¢ > 0.5 and ¢ + § + k < 1. If the (e, 0)-

characteristic fuzzyset ,u(SE’é) is a (q, qx )-fuzzy subalgebra of X, then S is a

subalgebra of X .
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Proof. Let x,y € S. Then ,u(SE’5) (x) =¢e= u(ss’é)(y), which implies that

() +e=e+e>1and p$Vy) +e=c+e>1,
that is, x. qug’é) and yaqug’é). Since ug’é) is a (g, qr )-fuzzy subalgebra of

)

X, it follows that (z * y). = (2 * Y)min{e,} G ugf’é ) (£.9)

Hence pg”(x *y) >

1 —¢e—k >, and therefore ,ué‘?’&) (xxy) = e. This proves that z*y € S, and
S is a subalgebra of X. O

Combining Theorems 3.14 and 3.15, we have the following theorem.

Theorem 3.16. Assume that 2¢ +k > 1 and e +d + k < 1. If the (g, 0)-

characteristic fuzzyset ,u(SE’é) is a (qx, qr )-fuzzy subalgebra of X, then S is a

subalgebra of X.
If we take £ = 0 in Theorem 3.16, then we have the following corollary.

Corollary 3.17. Assume thate > 0.5 ande+d < 1. If the (g, 0)-characteristic

fuzzyset ,u(SE’é) is a (q, q)-fuzzy subalgebra of X, then S is a subalgebra of X .

Theorem 3.18. Assume that ¢ + 6 + k < 1. If the (e, §)-characteristic
fuzzyset ,u(SE’é) is an (€, €A qr)-fuzzy subalgebra of X, then S is a subalgebra

of X.
Proof. Assume that £ +0 + k& < 1 and the (e, 0)-characteristic fuzzyset ,ug’é)

is an (€, € Aqg)-fuzzy subalgebra of X. Let x,y € S. Then ,ug’é)(a:) =

€= NSJ)(?J); and so z. € ,uéle’(s) and y. € ,ué‘?’&). Hence (z xy). = (x *

5 . )
y)min{ava} E/\qk,ug€ ), that is, (z xy). = (x * y)min{a,a} € ,ugf ) and (x*xy). =

(% * Y)minfe, e} Gk ,uf;’é). Hence ,ué‘?’&) (x*y) > e and ,ug’é) (x*xy)+e+k>11If

u(;’é)(:)s*y) > ¢, then u(;’é)(x*y) = ¢ and thus zxy € S. If u(;’é)(x*y)jtgjtk‘ >

1, then ,u(;’é) (xxy) >1—e—k > ¢ and so u(;’é)(x x7) = &, which shows that

xxy € S. Therefore S is a subalgebra of X. O
The following corollary is induced by taking k = 0 in Theorem 3.18.

Corollary 3.19. Assume thate+06 < 1. If the (g, 0)-characteristic fuzzyset

,ug’é) is an (€, €N q)-fuzzy subalgebra of X, then S is a subalgebra of X.

Theorem 3.20. Assume that ¢ > 0.5 and ¢ + § + k < 1. If the (e, 0)-

characteristic fuzzyset ,u(SE’é) is a (q, € A\ q)-fuzzy subalgebra or a (q, €V q )-

fuzzy subalgebra of X, then S is a subalgebra of X.
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Proof. Let x,y € S. Then ,u(SE’ )( )=¢ec= uf; (y), which implies that

MS’&( )+g:5+5>1and,us’ (y)+€=€+€>17

that is, z. ¢ ,ug and y. q ,u(€ o) 1f ,ug’é) is a (g, € A qx)-fuzzy subalgebra of X

then
9
(ZE * y)a = (ZL’ * y)min{e,e} EN Qk,u,(s’a )7

that is, ,u(SE’é) (xxy) > e and ug’é)(x xy)+e+k>11f ugf’é)(:c xy) > g, then

rxy € S. Ifugf’é)(:)s*y)—l—s—l—k>1,then,u(se’&)(x*y)>1—5—k:25and

o) ug’é) (xxy) =¢e. Thus x xy € S, and therefore S is a subalgebra of X.

9 is a (q, € V qx )-fuzzy subalgebra of X, then (z x y). = (x *

If g
(¢,9) (£,9) (e,9)

Y)minfe, e} € \/Qk pg™’, and so that (z *y). € pug™ or (v *xy)e qupg™ . If

(£,9)

(x *y). E,LLS then,u )(a:*y)zaandsox*yeS.If(:c*y)eqk,us ,

then ,LL(S )(x*y)—i-&?—l—k > 1. Since e + 6+ k < 1, it follows that ,uf;’é)(:c*y) >

1—¢e—k > 6 and so that ,ué‘?’&)(:c xy) = ¢e. Thus z xy € S. Therefore S is a
subalgebra of X. O

Theorem 3.21. Assume that 2¢ + k > 1 and ¢ + 6 < 1. If the (g, J)-

characteristic fuzzyset ,ué‘?’&) is a (qx, €N q)-fuzzy subalgebra or a (qx, €V q)-

fuzzy subalgebra of X, then S is a subalgebra of X.

Proof. Let x,y € S. Then ,ug?’ )( )=¢e= ,uf;é (y), which implies that

;£@Qﬂ+e+k:s+e+k>1mﬁug(w+f+:5+5+k>L

that is, x. g ,u(S and Y. g ,uS CIf u is a (qx, € Aq)-fuzzy subalgebra

of X, then
(LL’ * y) (LL’ * y)mm{a e} S q,u(€ )7
that is, ,u(SE’&)(x x1y) > e and Ms’ (:E xy)+e> 1. If ug’é)(x xy) > ¢, then

rxy € 8. If,u(se’&)(a:*y)jte > 1, then M(SE’5)(x*y) >1—¢ > 0 and so

ug )(:B xy) =¢c. Thus z xy € S, and therefore S is a subalgebra of X.

If ,ué‘?’&) is a (qr, € Vq)-fuzzy subalgebra of X, then (z xy). = (v *
Y)min{e, } 6 un(; ”, and so that (z x y). € ,ué‘?’&) or (z*y). q,ugf 0 1f
(rxy). € Ms ), then ,uS )(:E*y) =candsoxxy € S. If (zxy). q,uS ), then
ugé)(:c xy) +¢e > 1. Since € + § < 1, it follows that ug’é)(:c xy)>1—e>0

and so that ug’é)(x x1y) = e. Thus x x y € S. Therefore S is a subalgebra of
X. O

Combining Theorems 3.20 and 3.21 induces the following theorem.
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Theorem 3.22. Assume that 26 + k > 1 and € + § + k < 1. If the (g,

d)-characteristic fuzzyset ,ué‘?’&) is a (qr, € ANqg)-fuzzy subalgebra or a (g,

€V qx )-fuzzy subalgebra of X, then S is a subalgebra of X.
By taking £ = 0 in Theorem 3.22, we have the following corollary.

Corollary 3.23. Assume thate > 0.5 ande+§ < 1. If the (g, 0)-characteristic

fuzzyset ug’é) is a (q, €N\ q)-fuzzy subalgebra or a (q, €V q)-fuzzy subalgebra

of X, then S is a subalgebra of X.

Theorem 3.24. Assume thate+0+k < 1. If the (e, §)-characteristic fuzzy-
set ug’é) is an (EV q, qi)-fuzzy subalgebra of X, then S is a subalgebra of

X.

Proof. If S is not a subalgebra of X, then there exists a,b € S such that
axb¢ S. Thus ,ug’é) (a) =€ = ,ué‘?’&)(b) and ,ué‘?’&)(a xb) = d. Hence a. € ,uf;’é)

and b. € uS"”, which imply that a. € unf;"” and b. € \/q,uf;’é). Since
,uf;’é)(a *b)+e+k=0+ec+k <1, we have (a * b)eq_kugf’&). This is a
contradiction, and so S is a subalgebra of X. O

If we take £ = 0 in Theorem 3.24, then we have the following corollary.

Corollary 3.25. Assume that € + 9 < 1. If the (g, §)-characteristic fuzzyset

u(g’é) is an (€V q, q)-fuzzy subalgebra of X, then S is a subalgebra of X.

Theorem 3.26. Assume that ¢ > 0.5 and ¢ + § + k < 1. If the (e, 0)-

characteristic fuzzyset ,u(SE’é) is an (ENq, q)-fuzzy subalgebra of X, then S

1s a subalgebra of X .

Proof. Let x,y € S. Then ugf’é)(:z) =¢c = ,u(;’é)(y), ug’é)(x) +¢e¢ > 1 and
u(;’é)(y) +¢e > 1. Thus 2. € /\q,u(se’&) and y. € /\q,u(se’é). Since u(g’é) is an

(eENg, qn)-fuzzy subalgebra of X, we have (2 * y). = (T * ¥)min{e, e} Tk ,u(SE";).

It follows from the condition € + § + k£ < 1 that ,u(SE’&) (x*xy)>1—e—k>0
and so that ,u(SE’&)(x*y) =¢. Hence zxy € S, and S is a subalgebra of X. O

If we take £ = 0 in Theorem 3.26, then we have the following corollary.

Corollary 3.27. Assume thate > 0.5 ande+d < 1. If the (g, 0)-characteristic

fuzzyset u(g’é) is an (ENq, q)-fuzzy subalgebra of X, then S is a subalgebra

of X.
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Theorem 3.28. Assume that 1—e < e+k < 1-0. Ifthe (g, §)-characteristic

fuzzyset ,ué‘?’&) is an (EAqy, qx )-fuzzy subalgebra of X, then S is a subalgebra

of X.

Proof. Let x,y € S. Then ,u(SE’&) () =¢= ,u(SE’é)(y), u(a 6)( ) +e+k>1and

pE() +e+k > 1. Thus 2. € Aquu’s” and 3. € A . Since 15 is an

(EAqr, qi)-fuzzy subalgebra of X, we have (2 * ¥). = (% * ¥)min{e, e} Tk ,u(SE";).

It follows from the condition € + k£ < 1 — § that ,ug’é) (xxy)>1l—e—k>0
and so that ,ug’é) (x+y) =¢e. Hence zxy € S, and S is a subalgebra of X. O

Corollary 3.29. Assume that 1 —e <e < 1—14. If the (&, §)-characteristic

fuzzyset u(g’é) is an (ENq, q)-fuzzy subalgebra of X, then S is a subalgebra

of X.

Theorem 3.30. Assume thate+6 < 1 ande > 55, If the (e, §)-characteristic

fuzzyset ,u(SE’é) is a (qp, €V q)-fuzzy subalgebra of X, then S is a subalgebra

of X.

Proof. Let x,y € S. Then ,ué?’ )( )=¢e= ,ug 5)( ), which implies that

us (@ )+€+k—6+6+/€>1and,u(gé(y)+5+l{;:g+g+k>17

that is, x. g ,uS % and Ye Qi Ns ). Since N(s Visa ( qk E V q )-fuzzy subalgebra

of X, it follows that (z*y). = (*¥)minfe,c} €V q,uS ), that s, u(s )(:):*y) >

OI,LLS6)+€> 1.

,ug ) (x xy) = ¢, that is, z xy € S. Therefore S is a subalgebra of X. [

4  R-conditional (o, §)-fuzzy subalgebras

Let R := {p € (0,1] | p has relations to ¢ and/or §}. An (e, §)-characteristic
fuzzyset u(g’é) in X is called an R-conditional fuzzy subalgebra of X with
the type («a, §) (briefly, R-conditional (o, B)-fuzzy subalgebra of X)), where
a,B € {€, q, Vg, ENg}, a # € ANq, or (a, () is any one of (€, q),
(€, €ena), (¢, ar), (¢, €Aar), (s €), (s q), (@, €NQ), (ar, @)
and (g, € Aqg) if it satisfies the following condition, for any z,y € X and
p1.p2 € R,

0 0 0
:cplozugf )7 yp2a:ug‘€ ) = (x"‘y>min{p1,pz}BME@‘6 )- (4'1)
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Table 2: Cayley table for the x-multiplication

= W N = O %
= Ww N = OO
>~ = N O O =
N W O —= O
= o N O OfWw
S W O = Ol

Example 4.1. (1) Let X ={0,1,2,3,4} be a set with the Cayley table which
s given in Table 2.
Then X is a BCK -algebra (see [7]). Consider a subset S :={0,2,4} of X
and take

Ri={pec(0,1]]0.3 < p<0.7},

Ro={pe€(0,1]]0.2 < p < 0.3},
Then u(g’é) is an Ry-conditional (€, € A\ q)-fuzzy subalgebra of X where § =
0.2 and ¢ = 0.7. The (0.8, 0.3)-characteristic fuzzyset ug)'g’o'g) is an Ro-
conditional (qo.4, qo.a)-fuzzy subalgebra of X .

(2) Let X = {0,1,2,a,b} be a be a set with the Cayley table which is

gwen in Table 3.

Table 3: Cayley table for the s-multiplication

QN = O %
SR NN = OO
QN O
R O = O
— O Q 2 2
OO 2 |

Then X is a BCI-algebra (see [2, 7]). Consider a subset S :={0,1,2} of X
and let

Ri={pe(0,1]]0.3 < p<0.9},

Ro=1{pe (01]] p< 04},
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Rs={pe€(0,1]]03 < p<0.7}.

Then ,ué‘?’&) is an Ry-conditional (q, q)-fuzzy subalgebra of X where § = 0.1

ande = 0.7. The (0.4, 0.2)-characteristic fuzzyset ,ugM’ 02) s an Ro-conditional

(€, € Nqog)-fuzzy subalgebra of X. The (g, §)-characteristic fuzzyset ,ug’é)
is an Rs-conditional (q, € N qoe)-fuzzy subalgebra of X with 6 = 0.3 and

e =0.5.

Theorem 4.2. Let R := {p€ (0,1]|p>dande+p>1—k}. If S is a

subalgebra of X, then ug’é) is an R-conditional (€, qx )-fuzzy subalgebra of

X.

Proof. Let z,y € X and py, ps € R be such that z,, € p” and y,, € u?.

Then ,ué‘?’&) (x) > p1 > 60 and ,ué‘?’&)(y) > po > 9, which imply that ug’é) (x)=¢
and ,uge’é)(y) = ¢, that is, z,y € S. Thus z xy € S, and so ,uge’é)(x xyY) = €.
Hence

1§ (@ x y) + min{py, po} + k = &+ minfpy, po} +k > 1,

that is, (@ * Y)min{p1,ps} Mg,a)' Therefore Mg,a) is an R-conditional (€, g )-
fuzzy subalgebra of X. O

Corollary 4.3. Let R :={p€ (0,1] | p> 3 and e+ p > 1}. If S is a subal-
gebra of X, then ,ug’é) is an R-conditional (€, q)-fuzzy subalgebra of X.

Theorem 4.4. Let R :={pe€ (0,1] |[e>p>dande+p>1—Fk}. IfS is

a subalgebra of X, then ,ué‘?’&) is an R-conditional (€, € A qx)-fuzzy subalgebra

of X.

Proof. Let x,y € X and py, po € R be such that z,, € ,ug’é) and y,, € MS’&-

In the proof of Theorem 4.2, we know that (Z * ¥)min{pi,p0} Tk ,u(;’é). Now,
(,9) )

ps'(x *y) = € > min{p, po}, that is, ( * Y)min{p1,p0} € ,uf;’é. Hence
(%% Y) minfp1,pa} €N Qe ,u(SE’é), and so ,u(SE’é) is an R-conditional (€, € A i )-fuzzy
subalgebra of X. O

Corollary 4.5. Let R := {pe (0,1]|d<p<ecandl—p<e}. IfS is a

subalgebra of X, then the (e, §)-characteristic fuzzyset u(;’é) 1s an R-conditional

(€, €Nq)-fuzzy subalgebra of X.

Theorem 4.6. Let R := {pe (0,1]|[e>pandé+p<1+k}. If S is a

subalgebra of X, then ug’é) is an R-conditional (qx, €)-fuzzy subalgebra of

X.



New types of (a, ) - fuzzy subalgebras of BCK/BClI-algebras 461

Proof. Let x,y € X and p1, po € R be such that z,, g u(se’é) and y,, gk M(SE’5).
Then ,ug’é)(x) +p1+k >1and ,uge’é)(y) + p2 + k > 1, which imply that

s () > 1= py+k > 6 and " (y) > 1= py+k > 6. Hence " (x) = e =

,uf;’é)(y), and so x,y € S. Since S is a subalgebra of X, we have x xy € S.

Thus 4§ (z *y) = € > min{p;, po}, and hence (= * Y)mingps o} € 15" -

)

Therefore ,uf;’é is an R-conditional ( gx , €)-fuzzy subalgebra of X. O

Corollary 4.7. Let R :={p € (0,1] |e > p and d <1 —p}. If S is a subal-
gebra of X, then u(g’é) is an R-conditional (q, €)-fuzzy subalgebra of X.

Theorem 4.8. Let R :={p€ (0,1] |6 <1—p<e+k}. IfS is a subalge-
bra of X, then the (e, 0)-characteristic fuzzyset ,ué‘?’&) is an R-conditional (g,
qr )-fuzzy subalgebra of X .

Proof. Let x,y € X and py,p2 € R be such that x,, q,u(SE’é) and v, q,u(;";),

Then ,ug’é) () + p1 > 1 and ,ué?’&) (y) + p2 > 1, which imply that ,ué‘?’&) (x) >

1—p1>6and ,ué‘?’&) (y) > 1 — py > 0. It follows that ,uf;’é) (r) =¢= Mé‘?"” ()

and so that x,y € S. Since S is a subalgebra of X, we have z xy € S and so

,ug’é) (x *y) = e. Thus

Mg’é)(éﬂ *y) +min{py, pa} + k =+ min{py, po} + k > 1,

that is, (T * ¥)min{p1,ps} Tk ,ug’é). This shows that ,ué‘?’&) is a (g, qx )-fuzzy sub-
algebra of X. O

Corollary 4.9. LetR:={pec (0,1] | <1 —p<e}. IfS is a subalgebra of

X, then the (e, §)-characteristic fuzzyset ,u(SE’é) is an R-conditional (q, q)-fuzzy
subalgebra of X.

Theorem 4.10. Let R == {pe€ (0,1] |6 <1—p<e+kande>p}. If S
is a subalgebra of X, then the (e, §)-characteristic fuzzyset ,uf;’é) is an R-

conditional (q, €\ qi)-fuzzy subalgebra of X.

Proof. Let x,y € X and pi,p2 € R be such that x,, q,u(SE’(s) and v, qu(se’5),
We can see that (2 * 4)min{p,,ps} Tk ,ué‘?’&) in the proof of Theorem 4.8. Since

e > p, we have M(SE’5)(x xy) =€ > p, that is, (T * Y)min{p po} € ,u(SE"s). Hence

(%Y ) min{pr,p2} €N qk,u(se’é), and therefore u(g’é) is an R-conditional (g, € A qx)-

fuzzy subalgebra of X. O
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Theorem 4.11. Let R :={pe (0,1]|d+p+k <1 <e+p}.IfS isa sub-
algebra of X, then the (e, 0)-characteristic fuzzyset ,ué‘?’&) is an R-conditional
(qr, q)-fuzzy subalgebra of X.

Proof. Let x,y € X and p1,p2s € R be such that x,, g ,uS ) and Ypo Qe ,u(S %,

Then ,u )( )+ p1+k > 1 and Ns (y) + po + k > 1, which imply that
,ug 5)( ) >1—p —k >0 and ,uge’é)(y) > 1—py—k > 6. It follows that

,uf; 5)( )=¢= MS ) (y) and so that x,y € S. Since S is a subalgebra of X,

(e, )(

we have z %y € S and so pug'(x x y) = . Thus

ps® (2 xy) + min{py, pa} = & + min{py, po} > 1,

that is, (2 * ¥)min{ps,ps} q,us . This shows that Ns =9 g a (qx, q)-fuzzy sub-
algebra of X. O

Corollary 4.12. Let R :=={p€ (0,1] |d+p<1<e+p}. If S is a subal-
gebra of X, then the (g, 0)-characteristic fuzzyset ,ug’é) is an R-conditional
(q, q)-fuzzy subalgebra of X.

Proof. 1t is by taking k£ = 0 in Theorem 4.11. O

Theorem 4.13. Let R :={p € (0,1] |6+ p+k <1<e+p}.IfS is a sub-
algebra of X, then the (e, 0)-characteristic fuzzyset ,ué‘?’&)
(qr s qr )-fuzzy subalgebra of X.

1s an R-conditional

Proof. Let x,y € X and p1, ps € R be such that :L'p1 Qk ,uS ) and Ypo Qe ,u(S %,

In the proof of Theorem 4.11, we can see that Ns )(9: x 1) = €. Hence

ps® (2% y) + min{py, po} + k = & + min{py, po} + k

> ¢ +min{py, p2} > 1,

and S0 (Z * Y )min{py,ps} Tk Ns ). Therefore /~Ls %) is an R-conditional (qk, qx)-
fuzzy subalgebra of X. O

Theorem 4.14. Let R:={pec (0,1]|e>pande+p>1>5+p+k}. If
S is a subalgebra of X, then the (e, 0)-characteristic fuzzyset u(;’é) 1S an

R-conditional (qx, €A q)-fuzzy subalgebra of X .

Proof. Let z,y € X and py, p2 € R be such that z,, gx ,ué?’&) and y,, gk Mg‘?"”,

Then u(g’é)(x) +p1+k >1and u(;’é)(y) + po + k > 1, which imply that
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u(se’é)(x) >1—p—k>¢ and ,u(SE"S)(y) > 1—py — k > 4. Hence ug’é)(x) =
€= ,ué?’&) (y), and so x,y € S. Since S is a subalgebra of X, we have xxy € S
and thus

that is, (@ * Y)min{ps,ps} € ,uf;’é). Now,

,u(;’é)(l’ *y) +min{py, po} =€ + min{py, po} > 1,

,6 0 B) -
and so (z * y)min{phpz} q,u(s‘E ) Hence (x * y)min{pl,m} E/\q,u(s‘E ), and ugf ) is

a (qr, €\ q)-fuzzy subalgebra of X. O

Theorem 4.15. Let R :={pec (0,1] |e>pande+p+k>1>5+p+k}.
If S is a subalgebra of X, then the (e, 0)-characteristic fuzzyset ,uf;’é) is an

R-conditional ( qx. , €\ qx)-fuzzy subalgebra of X.

Proof. For any x,y € X and py, p» € R such that z,, g ,ué‘?’&) and y,, gk ,ué‘?’&),

we have z x y € S in the proof of Theorem 4.14 since § + p + k < 1. Hence
1§z y) = e > min{pr, po},

that is, (2 * ¥)minfp1,p0} € ,uf;’é). Now,

pS? (@ % y) + min{py, po} + k = & + min{py, po} + k > 1,

and so (x * y)min{phpz} G ,uf;’é). Hence (z * y)min{pl,m} EA qk,uf;’é), and ,ug’é) is
a (qr, €A qx)-fuzzy subalgebra of X. O

Corollary 4.16. Let R .= {p€ (0,1]|e>pande+p>1>d0+p}. If S
is a subalgebra of X, then the (e, §)-characteristic fuzzyset ,ug’é) is an R-

conditional (q, €\ q)-fuzzy subalgebra of X.
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