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Abstract

We introduce some generalizations of subclasses for analytic func-
tions f within the linear integral operator Ωk

wf(z) = I(k−1)f(z) +
λ I(k)f(z) in the open disc Uw = {z : |z − w| < 1}. We calcu-
late coefficient bounds of subclasses of w-p-valently uniformly starlike
functions. We otain some properties of the growth, distortion, extreme
points. Finally, we estimate results of fractional Integrals bounds.

1 Introduction

For a fixed positive integer p, let Ap denote the class of functions

f(z) = zp +

∞
∑

n=1

an+p zn+p, for an+p ∈ C

which are analytic in the open disc U = {z : |z| < 1}. There are many papers
written on the subject some of the latest being [10, 11, 12, 13, 15, 16, 17, 18].
Several authors have obtained valuable and interesting results of univalent
functions, even with various generalizations, as we can see from the literature.
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For a fixed point w in the unit disc U , Kanas and Ronning [8] introduced a
more generalization form of analytic functions in the unit disc U of the form

f(z) = (z − w) +

∞
∑

n=2

an(z − w)n, an ∈ C

which are denoted by Γ(w), ST (w), and CV (w), and they obtained some
results related to the other univalent functions. Acu and Owa [10] introduced
bounds for classes of ω-close-to-convex functions, ω-α-convex functions and
other further studies of these classes. Al-Kasasbeh and Darus [11, 12] in-
troduced classes of analytic univalent functions that are defined in the open
disc Uw = {z : |z − w| < 1}, and they proved corresponding results to
these classes. The concept of uniformly starlikeness for analytic and univa-
lent functions was introduced by Goodman [2, 3] and investigated by several
authors (e.g see Ma and Minda [4], Ronning [5, 6], and Bharati et al. [7]).
Shams et al. [9] defined the class of uniformly starlike functions by

SD(δ, γ) = { f ∈ A(p) : ℜ( zf
′(z)

f(z)
) > δ

∣

∣

∣

zf ′(z)
f(z)

− 1
∣

∣

∣
+ γ, z ∈ U , δ ≥ 0, γ ∈

[0, 1)},
and lately, Nishiwaki and Owa [13] studied the class of p-valently uniformly
starlike functions which is defined on the unit disc U by

SDp(δ, γ) = { f ∈ A(p) : ℜ

(

zf ′(z)

f(z)

)

> δ

∣

∣

∣

∣

zf ′(z)

f(z)
− p

∣

∣

∣

∣

+ γ, δ ≥ 0, γ ∈ [0, p)}.

In the open disc Uw = {z : |z − w| < 1}(for a fixed complex number w),
the class Aw(p) is defined to be the w-p-valent analytic function in the form

f(z) = (z − w)p +
∞
∑

n=1

an+p (z − w)n+p, an+p ∈ C and p , n ∈ N.

In this article, the integral operator Ikw is defined to be

Ikwf(z) = Iw(I
k−1
w f(z)), for k ∈ N

where

I0wf(z) = f(z), I1wf(z) = Iwf(z) =

∫ z

0

f(t)

t− w
dt,

I2wf(z) = Iw(Iwf(z)) = Iw(

∫ z

0

f(t)

t− w
dt) and so on.
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Also, for a nonnegative parameter λ and n ∈ N, the integral operator Ωk
w for

an analytic function f in the open disc Uw = {z : |z − w| < 1} is

Ωk
wf(z) = Ik−1f(z) + λ Ikf(z)

and SIw
p (δ, γ) is a subclass of Aw(p) which is w-p-valently uniformly star-

like functions

SIw
p (δ, γ) = { f ∈ Aw(p) : ℜ

(

f(z)

Iwf(z)

)

> δ

∣

∣

∣

∣

f(z)

Iwf(z)
− p

∣

∣

∣

∣

+ γ, δ ≥ 0, γ ∈ [0, p)}.

The Integral operator Ωk
w within the class of w-p-valently uniformly star-

like functions is introduced as follows.

Definition 1.1. . Let f(z) ∈ Aw(p) . Then f(z) ∈ SΩk
w(p , γ, δ, λ) if and

only if

Re

(

Ωk−1
w f(z)

Ωk
wf(z)

)

> δ

∣

∣

∣

∣

Ωk−1
w f(z)

Ωk
wf(z)

− p

∣

∣

∣

∣

+ γ,

for z ∈ Uw, δ ≥ 0 and 0 ≤ γ < p.

The class SΩk
w(p, γ, δ, λ) is a generalization of various subclasses of uni-

valent functions. It is easy to see that for the values k = 1, w = 0, and p = 1,
(z − w)f ′(z) ∈ SΩ0(1, γ, δ, λ) if and only if f(z) ∈ SD(δ, γ) [9] in the unit
disc U . Also, if k = 1, w = 0, and p ∈ N, then (z−w)f ′(z) ∈ SΩ0(1, γ, δ, λ)
if and only if f(z) ∈ SDp(δ, γ) [13] in the unit disc U .

2 Main results

In this section, we estimate the coefficient bounds for a function f in the
class SΩk

w(p, γ, δ, λ) which is analytic in the open disc Uw.

Theorem 2.1. A function f(z) ∈ SΩk
w(p, γ, δ, λ) if and only if for δ ≥ 0,

0 ≤ γ < p and k ≥ 1
∞
∑

n=1

|an+p | ≤
p−k(p+λ)(p δ+p+γ)

(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
. (2.1)
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Proof. Since f(z) ∈ SΩk
w(p, γ, δ, λ), for δ ≥ 0 , 0 ≤ γ < p, and z ∈ Uw

Re
(

Ωk−1
w f(z)
Ωk

wf(z)

)

− δ
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
> γ,

and

∣

∣Ωk−1
w f(z)

∣

∣− δ
∣

∣Ωk−1
w f(z)− pΩk

wf(z)
∣

∣ > γ |Ωk
wf(z)|.

Therefore,

| p2−k(z−w)p+
∞
∑

n=1

(n+ p)2−k(z−w)n+p+λ(p1−k(z−w)p+
∞
∑

n=1

(n+ p)1−k(z−

w)n+p)|−δ|p2−k(z−w)p+
∞
∑

n=1

(n+p)2−k(z−w)n+p+λ(p1−k(z−w)p+
∞
∑

n=1

(n+

p)1−k(z − w)n+p) − p(|p1−k(z − w)p +
∞
∑

n=1

(n + p)1−k(z − w)n+p + λ(p−k(z −

w)p+
∞
∑

n=1

(n+ p)−k(z−w)n+p)| − γ|p1−k(z−w)p +
∞
∑

n=1

(n+ p)1−k(z−w)n+p+

λ(p−k(z − w)p +
∞
∑

n=1

(n+ p)−k(z − w)n+p)| > 0.

Since |z − w| < 1, (z − w) approaches 1. Hence
∞
∑

n=1

|an+p|(n+p)1−k[(n+p+λ)(1−δ)−(1+λ)(p+γ)] ≤ p−k(p+λ)(p δ+p+γ)

For 0 ≤ γ < p, and δ ≥ 0, we have

∞
∑

n=1

|an+p | ≤
p−k(p+λ)(p δ+p+γ)

(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
.

Conversely, by definition,

δ
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
− Re

(

Ωk−1
w f(z)
Ωk

wf(z)

)

≤ −γ,

which is equivalent to

δ
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
− Re

(

Ωk−1
w f(z)
Ωk

wf(z)
− 1

)

≤ 1− γ.

Therefore

δ
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
− Re

(

Ωk−1
w f(z)
Ωk

wf(z)
− 1

)

≤ (δ + 1)
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
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≤ (δ + 1))

∣

∣

∣

∣

∣

∣

∞∑

n=1
an+p (n+p)−k[n(n+p+λ)]

p−k(p+λ)+
∞∑

n=1
an+p (n+p)−k(n+p+λ)

∣

∣

∣

∣

∣

∣

≤ (δ + 1))





∞∑

n=1
[n(n+p+λ)]

p−k(p+λ)(pδ+p+γ)
(n+p)[(n+p+λ)(1−δ)−(1+λ)(p+γ)]

p−k(p+λ)+
∞∑

n=1
(n+p+λ)

p−k(p+λ)(p δ+p+γ)
(n+p)[(n+p+λ)(1−δ)−(1+λ)(p+γ)]



 ,

since there is γ ∈ [0, p], and δ ≥ 0 such that




∞∑

n=1
[n(n+p+λ)]

(p+λ)(pδ+p+γ)
(n+p)[(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(p+λ)+
∞∑

n=1
(n+p+λ) (p+λ)(p δ+p+γ)

(n+p)[(n+p+λ)(1−δ)−(1+λ)(p+γ)]



 ≤
(

1− γ

δ+1

)

,

then

δ
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
− Re

(

Ωk−1
w f(z)
Ωk

wf(z)
− 1

)

≤ (δ + 1)
(

1−γ

δ+1

)

= 1− γ.

which is equivalent to

δ
∣

∣

∣

Ωk−1
w f(z)
Ωk

wf(z)
− p

∣

∣

∣
− Re

(

Ωk−1
w f(z)
Ωk

wf(z)

)

≤ (δ + 1)
(

1−γ

δ+1

)

≤ −γ.

Thus f(z) ∈ SΩk
w(p, γ, δ, λ), and the result is sharp for

f(z) = p−k(z − w)p + p−k(p+λ)(p δ+p+γ)
(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(z − w)p+n.�

Distortion and growth properties are discussed in the next Corollary.

Theorem 2.2. Let f(z) ∈ SΩk
w(p, γ, δ, λ), for z ∈ Uw = {z : r = |z − w| <

1}. Then

p−krp− 2k−1(1+λ)( δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

rp+1 ≤ |f(z)| ≤ p−krp+ 2k−1(1+λ)(δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

rp+1

and

p1−k rp−1− 2k(1+λ)( δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

rp ≤ |f ′(z)| ≤ p1−k rp−1+ 2k(1+λ)( δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

rp

with equality for f(z) = p−k(z − w)p + 2k−1(1+λ)( δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

(z − w)p+1.

Proof. For p = n = 1 in (2.1), we have
∞
∑

n=1

|an+p| ≤
2k−1(1+λ)( δ+1+γ)

[(2+λ)(1−δ)−(1+λ)(1+γ)]
.

Thus,

|f(z)| ≤ p−krp+
∞
∑

n=1

|an+p| r
p+1 ≤ p−krp+rp+1

∞
∑

n=1

|an+p| ≤ p−krp+ 2k−1(1+λ)( δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

rp+1,

and

|f(z)| ≥ p−krp−
∞
∑

n=1

|an+p| r
p+1 ≥ p−krp− rp+1

∞
∑

n=1

|an+p| ≥ p−krp− 2k−1(1+λ)( δ+1+γ)
[(2+λ)(1−δ)−(1+λ)(1+γ)]

rp+1.
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Also, from (2.1) and Theorem 2.1, it follows that

∞
∑

n=1

(p+ n) |an+p| ≤
2k(1+λ)( δ+1+γ)

[(2+λ)(1−δ)−(1+λ)(1+γ)]
.

For r = |z − w| < 1, we have

|f ′(z)| ≤ p1−k |z − w|p−1 +
∞
∑

n=1

(p + 1) |an+p| |z − w|p ≤ p1−k rp−1 + (p +

1) rp+1
∞
∑

n=1

|an+p|

≤ p1−k rp−1 +
2k(1 + λ)( δ + 1 + γ)

[(2 + λ)(1− δ)− (1 + λ)(1 + γ)]
rp,

and

|f ′(z)| ≥ p1−k |z−w|p−1 −
∞
∑

n=1

(p+1) |an+p| |z−w|p ≥ p1−k rp−1− (p+

1) rp
∞
∑

n=1

|an+p|

≥ p1−k rp−1 −
2k(1 + λ)( δ + 1 + γ)

[(2 + λ)(1− δ)− (1 + λ)(1 + γ)]
rp.�

Theorem 2.3. Suppose that fp (z) = p−k(z − w)p and for each positive in-

teger n ≥ 1,

fp+n (z) = p−k(z−w)p+ p−k(p+λ)(p δ+p+γ)
(n+p)1−k[(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(z−w)n+p, for z ∈
Uw.

Then f(z) ∈ SΩk
w(p, γ, δ, λ) if and only if f can be expressed in the form

f(z) =
∞
∑

n=0

µp+n fn+p(z) where µn+p ≥ 0, and
∞
∑

n=0

µp+n = 1.

Proof. Assume that

f(z) =
∞
∑

n=0

µp+n fn+p(z) = p−k(z − w)p +
∞
∑

n=1

µn+p an+p(z − w)n+p

Since
∞
∑

n=1

µn+p (
(n+p)1−k[(n+p+λ)(1−δ)−(1+λ)(p+γ)]

p−k(p+λ)(p δ+p+γ)
)( p−k(p+λ)(p δ+p+γ)

(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
)

=
∞
∑

n=1

µn+p = 1− µp ≤ 1.
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By Theorem 2.1,f(z) ∈ SΩk
w(p, γ, δ, λ).

Conversely, let f(z) ∈ SΩk
w(p, γ, δ, λ). Then

|an+p| ≤
p−k(p+λ)(p δ+p+γ)

(n+p)1−k[(n+p+λ)(1−δ)−(1+λ)(p+γ)]
, for n ≥ 1.

Without loss of generality, assume that

µn+p =
(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

p−k(p+λ)(p δ+p+γ)
an+p , for n ≥ 1,

and µp = 1−
∞
∑

n=1

µn+p . Then

f(z) = p−k(z − w)p +
∞
∑

n=1

µn+p an+p(z − w)n+p

= p−k(z−w)p+
∞
∑

n=1

µn+p
p−k(p+λ)(p δ+p+γ)

(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
(z−w)n+p

= p−k(z − w)p +
∞
∑

n=1

µn+p [fn+p(z)− (z − w)p]

= ( 1−
∞
∑

n=1

µn+p ) (z − w)p +
∞
∑

n=1

µn+p fn+p(z)

= µp(p
−k(z − w)p) +

∞
∑

n=1

µn+p fn+p(z)

= µp fp(z) +
∞
∑

n=1

µn+p fn+p(z) =
∞
∑

n=0

µn+p fn+p(z). �

We recall here the definition of fractional integral due to Owa[1].

Definition 2.4. [1]. The fractional integral of order ν is defined by

I−ν
z f(z) =

1

Γ(ν)

d

dz

∫ z

0

f(ζ)

(z − ζ)1−ν
dζ

where 0 < ν, f is an analytic function in a simply connected region of the

z-plane containing the origin and the mutiplicity of (z − ζ)ν−1 is removed by

requiring log(z − ζ) be real when z > ζ.

After some calculations for a function f(z) ∈ Aw(p) , we find that

I−ν
z f(z) = p−k(z−w)ν+p

Γ(ν+p+1)
+

∞
∑

n=1

Γ(n+p+1)
Γ(n+p+ν+1)

an(z − w)n+p+ν.

The fractional integral bounds estimation for f(z) ∈ SΩk
w(p, γ, δ, λ) ap-

pear in in the following corollary.
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Corollary 2.5. Suppose f(z) ∈ SΩk
w(p, γ, δ, λ) for z ∈ Uw. Then

|I−ν
z (f(z))| ≤ |z−w|p+ν

Γ(p+ν+1)
(p−k + Γ(n+p+1)2 p−k(p+λ)(p δ+p+γ)

Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
| z − w|) (2.2)

and

|I−ν
z (f(z))| ≥ |z−a|p+ν

Γ(p+ν+1)
(p−k − Γ(n+p+1)2 p−k(p+λ)(p δ+p+γ)

Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
| z − w|). (2.3)

With the above lower and upper sharp bounds in (2.2)and (2.3)respectively
equality occurs for the function given by;

f(z) = p−k(z − w)p + p−k(p+λ)(p δ+p+γ)
(n+p)1−k[(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(z − w)n+p.

Proof. Since

I−ν
z f(z) =

(z − w)p+ν

pkΓ(p+ ν + 1)
+

∞
∑

n=1

Γ(n+ p+ 1)

Γ(n + p+ ν + 1)
an+p(z − w)n+p+ν,

(I−ν
z f(z) (z−w)−νΓ(p+ν+1)) = p−k(z−w)p+

∞
∑

n=1

Γ(n+p+1)Γ(p+ν+1)
Γ(n+p+ν+1)

an+p (z−

w)n+p,

Also,

|I−ν
z f(z) (z − w)−νΓ(p+ ν + 1)| ≥

∣

∣p−k(z − w)
∣

∣

p
−

∞
∑

n=1

|an+p|
Γ(n+p+1)Γ(p+ν+1)

Γ(n+p+ν+1)
|z − w|n+p

.

By Theorem 2.1,

|an+p | ≤
p−k(p+λ)(p δ+p+γ)

(n+p)1−k[(n+p+λ)(1−δ)−(1+λ)(p+γ)]
.

and,

|I−ν
z f(z) (z − w)−νΓ(p+ ν + 1)|

≥
∣

∣p−k(z − w)
∣

∣

p
−

∞
∑

n=1

Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

|z − w|n+p
.

The sequence with general term φ(n) = Γ(p+ν+1)Γ(n+p+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

is decreasing, since 0 < φ(n) < 1.

So,

|I−ν
z f(z) (z − w)−νΓ(p+ ν + 1)|

≥
∣

∣p−k(z − w)
∣

∣

p
− Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)

Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]
|z − w|n+1

.

thus,
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|I−ν
z f(z)| ≥ |z−w|p+ν

Γ(p+ν+1)

(

1− Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

|z − w|
)

.

Also,

|I−ν
z f(z) (z − w)−νΓ(p+ ν + 1)| ≤

∣

∣p−k(z − w)
∣

∣

p
+

∞
∑

n=1

|an+p|
Γ(n+p+1)Γ(p+ν+1)

Γ(n+p+ν+1)
|z − w|n+p

.

and

|I−ν
z f(z) (z − w)−νΓ(p+ ν + 1)|

≤
∣

∣p−k(z − w)
∣

∣

p
+

∞
∑

n=1

Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

|z − w|n+p
.

Hence
|I−ν

z f(z)| ≤ |z−w|p+ν

Γ(p+ν+1)

(

1 + Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

|z − w|
)

.

�

Under the hypotheses of Definition 2.4, the fractional derivative of order
k − ν is defined by

Ik−ν
z f(z) =

d k

d kz
I−ν
z f(z) =

d−ν

dz−ν
Ikz f(z) = Ik−ν

z f(z)

where 0 ≤ ν < 1, and k ∈ N∗ = {0, 1, 2, ...}.

For example the fractional derivative operator Ik−ν
z for a real number ǫ the

function f(z) = (z−ǫi)p

1−z+ǫi
is defined in open disc Uǫi = {z : r = |z − ǫi| < 1} is

Ik−ν
z f(z) = d k

d kz

(

I−ν
z ( (z−ǫi)p

1−z+ǫi
)
)

= dn

dnz
I−ν
z

(

(z − ǫi)p +
∞
∑

n=1

an+p(z − ǫi)n+p

)

= d k

d kz
( Γ(p+1)
Γ(p+ν+1)

(z − ǫi)p+ν

+
∞
∑

n=1

Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(z − ǫi)n+p+ν)

= Γ(p+1)
Γ(p+ν+1−k)

(z − ǫi)p+ν−k

+
∞
∑

n=1

Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(z − ǫi)n+p−k+ν

which implies

(

Γ(p+ν+1−k)
Γ(p+1)

(z − ǫi)ν+kIk−ν
z f(z)

)

= (z − ǫi)p+
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∞
∑

n=2

Γ(n+p+1)Γ(p+ν+1)p−k(p+λ)(p δ+p+γ)
Γ(n+p+ν+1)(n+p)1−k [(n+p+λ)(1−δ)−(1+λ)(p+γ)]

(z − ǫi)n+p.

We conclude this article by stating that the functions within differential op-
erators that arise in physical problems are generally nonlinear. Therefore the
geometric function theory and conformal mappings provide a powerful tool
to obtain solutions of these problems which were difficult to solve otherwise.
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