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Abstract

In this paper, we prove that every nonempty set and every nonempty
totally ordered set can be a UP-algebra.

1 Introduction and Preliminaries

Tampan [1] introduced a new algebraic structure, called a UP-algebra, which

is a generalization of a KU-algebra. Let X be a universal set and let €2 €
P(X). Denote Po(X) ={A € P(X)|QC A} and PYX) = {A € P(X) |

A C Q}. Define a binary operation - on Pq(X) by putting
A-B=Bn(AUQ) forall A, B € Po(X)

and a binary operation * on P(X) by putting
AxB=BU(A'NQ) for all A, B € PYX).

Satirad et al. [3] proved that (Pq(X),-, Q) and (P9(X), *, Q) are UP-algebras.

In particular, (P(X),-,0) and (P(X), *, X) are UP-algebras.

In this paper, we prove that every nonempty set and every nonempty

totally ordered set can be a UP-algebra.
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Now we will recall the definition of a UP-algebra from [1].

An algebra A = (A, -,0) of type (2,0) is called a UP-algebra where A is
a nonempty set, - is a binary operation on A, and 0 is a fixed element of A
(i.e., a nullary operation) if it satisfies the following axioms:

(UP-1) (V,y,z€ A)((y-2) - ((z-y) - (z-2)) = 0),
(UP-2) (Vx € A)(0- 2z =x),

(UP-3) (Vx € A)(xz-0=0), and

(UP4) (Ve,yc A)(z-y=0,y-2=0=z=y).

For a UP-algebra A = (A,-,0), the following assertions are valid (see
[1, 2]).

(Vx e A)(z-x=0), (1.1)
(Vx,y,z€ A)(x-y=0,y-2=0=x-2=0), (1.2)
(Ve,y,z€ A)(x-y=0=(2-2)-(2-y) =0), (1.3)
Vx,y,z€ A)(z-y=0=(y-2)-(x-2)=0), (1.4)
(Vx,y € A)(z- (y-x) =0), (1.5)
Ve,ye A)((y-x) 2 =0z =y-x), (1.6)
(Vo,y € A)(z - (y-y) = 0), (1.7)
(Va,z,y,z € A)((z- (y-2)) - (x- ((a-y)-(a-2))) =0), (1.8)
(Va,z,y,z € A)(((a-2) - (a-y))-2)- ((z-y)-2) =0), (1.9)
(Vo,y,2 € A)(((x-y)-2) - (y-2) =0), (1.10)
(Ve,y,z€ A)(x-y=0=x-(2-y) =0), (1.11)
(Ve,y,z€ A)(((x-y)-2)-(x-(y-2)) =0), and (1.12)
(Va,z,y,z € A)(((z-y)-2) - (y-(a-2)) =0). (1.13)

2 Main Results

In this section, we prove three theorems which show that every nonempty
set and every nonempty totally ordered set can be a UP-algebra.

Theorem 2.1. Let X be a nonempty set and let arbitrary t € X. Define a
binary operation - on X by: for all x,y € X,

z'y:{y if v #y,

t  otherwise.
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Then (X, -,t) is a UP-algebra.

Proof. For any © € X, we have t - = x and x -t = ¢t. Thus (UP-2) and
(UP-3) hold.

Let z,y,2z € X.

Case 1: © =y = z. Then

(y-2) - (x-y) - (@-2)=t-(t-t)=t-t=t.

Case 2: x =y but y # z. Then

(y-2)-(z-y) - (x-2)=2-(t-2)=z-2=t1.

Case 3: x = z but z # y. Then

(y-2)-((x-y)-(x-2)=z-(y-t)=z-t=t.

Case 4: y =z but z # x. Then

(y-2)-((x-y)-(x-2)=t-(y-2)=t-t=t

Case 5: x # y,x # z and y # z. Then

(y-2)((z-y)(z-2)=2-(y-2)=2-2=t

Thus (UP-1) holds.

Let x,y € X besuch that z-y=tandy-z=t. f v #y,thenx -y =y
and y-x = x. Thus x =t = y, which is a contradiction. Hence, z = y. Thus
(UP-4) holds.

Hence, (X, -, t) is a UP-algebra. O

Example 2.2. Let X = {0,1,2,3,4,5} and choose t = 2. By Theorem 2.1,
we have (X, -,2) is a UP-algebra with a binary operation - defined by the
following Cayley table:

G W — O N -
NN NN N
cooco oo
—_ = =N = =
W WM W W W w
NG OISO NI IR
N Ot Ot Ot Ot Ot Ot
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Theorem 2.3. Let X be a nonempty totally ordered set and let arbitrary
t € X. Define a binary operation - on X by: for all x,y € X,

o Jy ifz>yorz=t,
vTy= { t otherwise.
Then (X, -, t) is a UP-algebra.

Proof. For any = € X, we have t - x = x and -t = t. Thus (UP-2) and
(UP-3) hold.

Let z,y,z € X.

Case 1: © =y = z. Then

(y-2)-(x-y) - (x-2)=t-(t-t)=t-t =t
Case 2: x =y but y # z. Then
-z ((z-y)(z-2)=@2)-C(y2))=U2-(y 2=t
Case 3: x = z but z # y. Then
(y-2)-((@-y)(z-2)=W-2)-(z-y)-t)=(y-2)-t =t
Case 4: y =z but z # x. Then
-2 (@y)-(@-2)=t-((z-y)(x-y)=(y) (xy) =t
Case 5: x #y,x # z and y # z.

Case 5.1: x >y > z. Then (y-2)-((z-y)-(x-2)) =2-(y-2) =2-2 = 1.

Case 5.2: x> z>y. Then (y-2)-((x-y)-(z-2)=(y-2)-(y-2) =t.

Case 5.3: y>x >z Then (y-2)- ((z-y) - (x-2)=2-(x-y) 2). If
r=tthenz-((x-y)-2)=z2-(t-y)-2)=2-(y-2)=z-z=t lfx#t,
thenz-((x~y)-z):z~(t z)—z z=t.

Case 5.4: y>z>x. Then (y-2)-((x-y)-(x-2))=2z-((z-y) - (x-2)).
Ifz =t then z-((x-y)-(x-2) =2-(y-2) =2z-2z =1t If v #t then

z-((x-y)-(x-2)=z-(t-t)=2z-t=t.
Case 5.5: z>x >y. Then (y-z) - ((:By)(xz)):(yz)(y(xz))
If v = ¢, then (y-2)-(y- (z-2))

W25 = (12)- (56 =

Y- )t:t.
Case 5.6: z >y > x. Ifx =t, then (y-2)-(x-y)-(z-2)) = (y-2)-(y-2) =
EAEa At then (y-2) - ((0-y) - (0-2) = (g 2) - (t1) = (y-2) -t =1

Thus (UP-1) holds.
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Let x,y € X be such that -y =t and y - v =t. We see that if xt =t or
y=1,then x =t =y. Let x # t and y # t and suppose that = # y. Then
r<yorxz>y. Ifxr<y,thent =y -2z =z, which is a contradiction. If
x >y, then t = -y = y, which is a contradiction. Hence, x = y. Thus
(UP-4) holds.

Hence, (X, -, t) is a UP-algebra. O

Example 2.4. Let X = {0,1,2,3,4,5} be a totally ordered set with the
natural order and choose t = 2. By Theorem 2.3, we have (X,-,2) is a
UP-algebra with a binary operation - defined by the following Cayley table:

Ui W O N

DO DN NN N NN
SO OO N OO
o= NN ==
W WD WW
=N N NN
DN DN DN DN DN OOt

Theorem 2.5. Let X be a nonempty totally ordered set and let arbitrary
t € X. Define a binary operation - on X by: for all x,y € X,

Jy ifx<yorxz=t,
vTy= { t otherwise.
Then (X,-,t) is a UP-algebra.

Proof. For any x € X, we have t - = x and = -t = t. Thus (UP-2) and
(UP-3) hold.

Let x,y,z € X.

Case 1: © =y = z. Then

(v-2)-(@-9) (-2 =t-(t-)=t-t=t.
Case 2: x =y but y # 2. Then
-2 ((@-y)(x-2)=@2)-C@y2))=U2- (y 2=t

Case 3: x = z but z # y. Then

(y-2)-((x-y)-(x-2)=(-2)-((x-y)- 1) =(y-2) -t =1
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Case 4: y =z but z # x. Then

W-z)((@y)(@2)=t-((z-y)(x-y)=(y) (z-y) =t
Case 5: x #y,x # z and y # z.

Case 5.1: © >y > z. Ifx =t, then (y-2)-((x-y)-(z-2)) = (y-2)-(y-2) =
t. 1zt then (y-2)-((z-y)-(x-2))=(y-2)-(t-1)=(y-2) -t =t

Case 5.2: x > z>y. Then (y-2)- ((z-y)-(x-2))=2-((z-y) - (x-2))
If x =t then z- ((z-y) - (x- )):z (y-2)=2z-z=1tIf x #t, then
2 ((w-y)(@-2)=z2-(t-1)=z-t=t

Case 5.3: y>x>z Theﬂ(y 2)-((z-y)-(z-2) = (y-2)- (y-(x-2))

z
If v =t then (y-2)-(y-(z-2) = (y-2) -(y-2) =t If x # ¢, then
(y-2) - (y-(z-2)=W- 2)(y-t)=(y-=
Case 5.4: y > z > x. Then (y- (z- . )
Case 5.5: z > x > y. Then (y - z) (x-y)-(x-2)=z2z-(x-y)-2)
Ifz =t then z- ((z-y)-2) = 2-(y-2) =22z =1~ 1If v # t, then

z((x- ) 2)=z-(t-z)=z-z=1t.

Case 5.6: z>y >uxz. Then (y-2)-((z-y)-(x-2) =2-(y-2) =2-2 =1.

Thus (UP-1) holds.

Let x,y € X be such that z -y =t and y-x =t. We see that if z =1t or
y=t, then x =t =y. Let x # t and y # ¢ and suppose that x # y. Then
r<yorax>y. Ifr<uy, thent =2z -y =y, which is a contradiction. If
x >y, then t = y - o = x, which is a contradiction. Hence, x = y. Thus
(UP-4) holds.

Hence, (X, -, t) is a UP-algebra. O

Example 2.6. Let X = {0,1,2,3,4,5} be a totally ordered set with the
natural order and choose ¢ = 2. By Theorem 2.5, we have (X,-,2) is a
UP-algebra with a binary operation - defined by the following Cayley table:

20 3 45

NN = ==

U W= O -
SOOI
NN DN DNDO
O I CRFSURI UG
ORI S S
N Ot O Ot Ot Ot
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