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Abstract

In this paper, a known result dealing with ‘]\7 , pn| ., Summability of
infinite series has been generalized to the ¢— | N, py; S |, summabil-
ity of infinite series by using almost increasing and §-quasi-monotone
sequences.

1 Introduction

A positive sequence (b,) is said to be almost increasing if there exists a
positive increasing sequence (c¢,) and two positive constants K and L such
that K¢, < b, < Le, (see [1]).

A sequence (d,) is said to be J-quasi-monotone, if d,, — 0, d,, > 0 ultimately
and Ad,, > —6,, where Ad,, = d,, — d,+1 and (0,,) is a sequence of positive
numbers (see [2]). Let > a, be a given infinite series with partial sums (s,,).
Let (p,) be a sequence of positive numbers such that

Pn:va—>oo as n—oo, (P,=p_;=0,i>1). (1.1)
v=0
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The sequence-to-sequence transformation

1 n
Zp = 2 ;pvsv (1.2)

defines the sequence (z,) of the (IV, p, ) means of the sequence (s,,), generated
by the sequence of coefficients (p,) (see [9]). The series ) a, is said to be
summable | N, p, |,, k > 1, if (see [3])

o Pn k—1
E:QT) | 2 — 2 |F< 0. (1.3)

n=1

Let (¢n) be any sequence of positive real numbers. The series ) a,, is said
to be summable ¢ — | N, p,; 5 |, K > 1 and 8 > 0, if (see [10])

ngﬁ’”k_l | 2n — 2n_1 |F< 0. (1.4)

n=1

If we take ¢, = 5—:, then ¢ — | N,p,; 3|, summability is the same as

| N,pu; B |, summability (see [4]). Also, if we take ¢, = % and § = 0,
then we get |N, p, |, summability.

2 Known Result

The following theorem is known dealing with | N, p, | . summability factors
of infinite series.

Theorem 2.1 ([7, 8]). Let (Y,) be an almost increasing sequence such
that | AY, |= O(Y,/n) and A\, — 0 as n — oco. Suppose that there
exists a sequence of numbers (A,) such that it is d-quasi-monotone with
> nY,o, < oo, Y A,Y, is convergent and |AN,| < |A,]| for all n. If

Z% | A\n [=0(1) as m — oo, (2.5)
n=1

m 1 L

ZEWMJMMasm%m (2.6)

n=1
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and

tn |k: OY,) as m— oo, (2.7)

where (t,) is the n-th (C,1) mean of the sequence (na,), then the series
> apA, is summable | N, p, |, k > 1.

’“U|@

3 Main Result

Some works dealing with generalized absolute summability methods of infi-
nite series have been done (see [5]-[6], [11]-[12]). The purpose of this paper
is to generalize Theorem 2.1 to ¢ — | N, p,; 3|x summability, in the following
form.

Theorem 3.1. Let (¢,) be a sequence of positive real numbers such that

m+1 1
> et 1 0(%5’“?) as m— oo. (3.9)

n=v+1

If all conditions of Theorem 2.1 with conditions (2.6) and (2.7) are replaced
by

m k
Z(pﬁk% =0, as m— 0 (3.10)
and

> ety F=0(Y,) as m— oo (3.11)

are satisfied, then the series Y a,\, is summable ¢ — |N,p,; B|r, & > 1 and
0<B<+.

We need the following lemmas for the proof of Theorem 3.1.

Lemma 3.2 ([7]). Let (Y,) be an almost increasing sequence and A, — 0
as n — oo. If (A,) is d-quasi-monotone with > A,Y,, is convergent and
|AN,| < |A,| for all n, then we have

MY, =0(1) as n— 0. (3.12)
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Lemma 3.3 ([8]). Let (Y,) be an almost increasing sequence such that
n|AY,| = O(Y,). If (A,) is d-quasi-monotone with > nY,d, < oo, > A,Y,
is convergent, then

nA,Y, =0(1) as n — oo, (3.13)
> n|AA,lY, < oo (3.14)
n=1

4 Proof of Theorem 3.1

Let (J,) indicate (IV,p,) means of the series Y a,\,. Then, for n > 1, we
obtain

>
M

a Pn v 1)\ va
v—1 v v E V-
PPn 1 (Y

Applying Abel’s formula, we get

n—1
v+1
v E v vt
+1 — P Pn ) v p

Dn v+1 n+1
Pt AN, At
+PnPn_1; " top P

= Jn,l + Jn,2 + Jn,3 + Jn,4-

For the proof of Theorem 3.1, it is sufficient to show that

> @ g, [F< oo, for r=1,2,34. (4.15)

n=1
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By using Holder’s inequality and Abel’s formula, we have

m—+1 m—+1

3 e = oS (S ninall)
n=2 PPn 1 v=1
m+1 1 n—1 1 k
— Z@ak 1 P <va It |/\v+1\;>
"_ v=1
m+1 1 n—1 1
k
= Z@Bk ! P, (ZPU I ‘)‘v+1‘;>
( IE
n 1 =1

m+1 n—1 1
= e Py [t Aosr] =
ZSO <Z o [to]” | v+1‘v

v |
T

v:1m+1 1
= ZP [tol” [Aogt| = nzv;—l m

= 0(1)2}05’@ |tv|’“|Av+1|;

— Al ﬁk‘ + O\ . BRM

= Z | v+1‘290 (1) m—l—l‘z% y
v=1

m—1

= O() Y [Av[Yor1 + O() A1 [Yinia
v=1
= O(1) as m — oo,

by virtue of (2.5), (3.8), (3.9), (3.10) and (3.12). Again, using Holder’s
inequality and Abel’s formula, we obtain
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m+41

Z Sng—i-k—l | Jn,2 |k _
n=2

A. Karakas

m+1 n—1 k
ngﬁk—kk 1 1)k <va|)\v| |tv|)
n— v=1

m+1 n—1 k
Z@Bk o vap‘v‘ ‘tv‘>
v=1

m+1 n—1 1 n—1 k—1
ngﬁk e va|)\v|k|tu|k) X (P 1 va)
m+1 Zii =
Z@Bk 1+ va|)\v‘k|tv|k>

m+1
vau Ml 37 ot

n=v+1

1)Z¢gk_l|)‘v||tv|k

o)

ZAM |Z<pfk e+ 0(1) Mm\ZSOf’“ |

Z|A Y, + O(1)| A Vo
v=1

as m — o0,

in view of (3.8), (3.9), (3.11) and (3.12).

By (3.8), (3.9), (3.10),

(

3.13) and (3.14), we have
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m+1 m+1
> A = 0D (ZP 185 ‘)
n=2 n—1

m~+1

- oS (zpwm |)
_ m—+1 S 1 1 — .
Zso 1 ZPultvl [AN] | X
- v=1

k—1

n—1
1

P,IAN,
S \)

m+1 1 n—1
= Z(Pﬁk ' B va|tv|k|Av|
m m+1
= O() Y _Pltul" A D @i 5— Z@fklt [*v] A, |—
v=1 n=v+1
m—1
= 0(1))_AllA) Z 5’“' <1>m\Am|Zsof’f%
v=1 v=1
m—1

= 0(1) Z A(v|A)Y, + O(1)m|A,|Y,,

m—1 m—1
= O(1) ) v|AAY, +0(1) > |Ava|Yisr + O(1)m| Ay |V

v=1 v=1

= O(1) as m — oo.

Finally, as in J,, 2, we have

Z(pgmk—l | T |k _ ngﬁk—i—k 1 Pn |)\ | I |k

= 0(1)Zs03k_1lknlltn|k
n=1

= O(1) as m— oo,

in view of (3.8), (3.11) and (3.12).
Thus the proof of Theorem 3.1 is completed.
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5 Conclusion

If we take ¢, = % and 8 = 0 in Theorem 3.1, then we get Theorem 2.1. In
this case, conditions (3.10) and (3.11) reduce to conditions (2.6) and (2.7),
respectively. Also, the conditions (3.8) and (3.9) are automatically satisfied.
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