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Abstract

The notion of fuzzy sets was introduced by Zadeh in 1965. Appli-
cations of the fuzzy set theory appear in various fields. The theory
of fuzzy sets was studied in various kinds of algebraic systems. In
1975, Zadeh made an extension of the concept of a fuzzy subset by
an interval valued fuzzy subset. A ternary semigroup is a nonempty
set together with a ternary multiplication which is associative. In
this paper, we study interval valued fuzzy ideal extensions of ternary
semigroups.

1 Introduction

A ternary semigroup is a nonempty set together with a ternary multiplication
which is associative. Every semigroup can be reduced to a ternary semigroup
but Banach showed that a ternary semigroup does not necessarily reduce to
a semigroup. Lehmer [7] investigated certain triple systems called triplexes
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which turn out to be commutative ternary groups. He has also defined regular
ternary semigroups. Vagner [14] studied semiheaps which are ternary systems
with a different type of associativity. Los [8] showed that every ternary
semigroup can be imbedded in a semigroup. Sioson [13] studied ternary
semigroups with special reference to ideals and radicals. He extended to
ternary semigroups various well known concepts concerning ideals such as
primality, semiprimality etc. Santiago and Sri Bala [12] studied regularity
conditions in a ternary semigroup.

The concept of fuzzy subsets was given by Zadeh [17] in 1965. Since its
inception, the theory has developed in many directions and found applica-
tions in a wide variety of fields. Rosenfeld [10] applied the concept of Zadeh
to define fuzzy subgroups and fuzzy ideals. Kuroki ([4],[5] and [6]) defined
a fuzzy semigroup and various kinds of fuzzy ideals in semigroups and char-
acterized them. Fuzzy ideals in ternary semirings were studied in [2] and
[3]. In [9] and [11], fuzzy ideal of ternary semigroups were studied. Zadeh
[18] made an extension of the concept of fuzzy subsets by an interval valued
fuzzy subset. Interval valued fuzzy subsets have many application in several
areas. In [16], interval valued fuzzy ideal in LA-semigroups were studied by
Yaqoob, Chinram, Ghareeb and Aslam.

Ahsan, Saifullah and Khan [1] have shown that a semigroup S is semisim-
ple if and only if each proper fuzzy ideal of S is the intersection of prime ideal
of S. Xie [15] introduced the concepts of the extension of a fuzzy ideal of S
and 3-prime fuzzy ideal of S. He studied some properties of the extension
of a fuzzy ideal of S and the relationship between prime ideal and 3-prime
fuzzy ideal of S by means of the extensions of fuzzy ideals of S.

In this paper, we introduce the concepts of the extension of an interval
value fuzzy ideal of a ternary semigroup T .

2 Preliminaries

A nonempty set T is called a ternary semigroup if there exists a ternary
operation T × T × T → T , written as (x1, x2, x3) 7→ x1x2x3 satisfying the
following identity for any x1, x2, x3, x4, x5 ∈ T,

(x1x2x3)x4x5 = x1(x2x3x4)x5 = x1x2(x3x4x5).
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Any semigroup can be reduced to a ternary semigroup but a ternary semi-
group does not necessarily reduce to a semigroup, for example, Z− is a ternary
semigroup while Z

− is not a semigroup under the multiplication over inte-
gers. Let T be a ternary semigroup. For nonempty subsets A,B and C of
T, let ABC := {abc|a ∈ A, b ∈ B and c ∈ C}. A nonempty subset S of
T is called a ternary subsemigroup if SSS ⊆ S. A nonempty subset A of a
ternary semigroup T is called a left ideal of T if TTA ⊆ A, a right ideal of
T if ATT ⊆ A and a middle ideal or a lateral ideal of T if TAT ⊆ A. If A
is a left, right and middle ideal of T , A is called an ideal of T. A nonempty
subset A of T is called prime if for all x, y, z ∈ T, xyz ∈ A → x ∈ A or
y ∈ A or z ∈ A. A nonempty subset A of T is called semiprime if for all
x ∈ T, x3 ∈ A → x ∈ A. A prime subset of T is a semiprime subset of T but
a semiprime subset need not a prime subset.

Let D[0, 1] denote the family of all closed subintervals of [0, 1], that is

D[0, 1] = {[a−, a+]|a−, a+ ∈ [0, 1] and a− ≤ a+},

where the elements in D[0, 1] are called the interval numbers on [0, 1], 0 =
[0, 0] and 1 = [1, 1]. We consider two elements a = [a−, a+] and b = [b−, b+] in
D[0, 1]. Define the operations ≤,=, <,min and max in case of two elements
in D[0, 1] as follow

(1) a ≤ b if and only if a− ≤ b− and a+ ≤ b+,

(2) a = b if and only if a− = b− and a+ = b+,

(3) a < b if and only if a ≤ b and a 6= b,

(4) min{a, b} = [min{a−, b−},min{a+, b+}],

(5) max{a, b} = [max{a−, b−},max{a+, b+}].

Let T be a set. A function f̃ : T −→ D[0, 1] is called an interval valued fuzzy
subset (for short, i-v fuzzy subset) on T . Let f̃ , g̃ and h̃ be three i-v fuzzy
subsets of a ternary semigroup T then f̃ ◦ g̃ ◦ h̃ is defined as

(f̃ ◦ g̃ ◦ h̃)(x) =







sup
x=abc

min{f̃(a), g̃(b), h̃(c)} if x = abc ∃a, b, c ∈ T

0 otherwise.

Let IV F (T ) denote the set of all i-v fuzzy subsets of S.
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Proposition 2.1. Let T be a ternary semigroup, then the set (IV F (T ), ◦)
is a ternary semigroup.

Let T be a ternary semigroup. A function f̃ : T −→ D[0, 1] is an i-v
fuzzy subset of T . The set of all i-v fuzzy subset of T with the relation

f̃ ⊆ g̃ ⇐⇒ f̃(x) ≤ g̃(x), ∀x ∈ T

is a complete lattice where, for a nonempty family {f̃i|i ∈ I} of fuzzy subsets
of T , the inf{f̃i|i ∈ I} and the sup{f̃i|i ∈ I} are the fuzzy subsets of T
defined by

inf{f̃i|i ∈ I} : T −→ D[0, 1], x −→ inf{f̃i(x)|i ∈ I}.
sup{f̃i|i ∈ I} : T −→ D[0, 1], and x −→ sup{f̃i(x)|i ∈ I}.

Let T be a ternary semigroup and A ⊆ T . The characteristic function
f̃A : T → D[0, 1] defined

f̃A(x) :=

{

[1, 1] if x ∈ A,

[0, 0] if x /∈ A.

3 Interval valued fuzzy ideals

Definition 3.1. Let T be a ternary semigroup and f̃ be an i-v fuzzy subset
of T .

(1) f̃ is called an i-v fuzzy left ideal of T if f̃(xyz) ≥ f̃(z), ∀x, y, z ∈ T.

(2) f̃ is called an i-v fuzzy right ideal of T if f̃(xyz) ≥ f̃(x), ∀x, y, z ∈ T.

(3) f̃ is called an i-v fuzzy middle ideal of T if f̃(xyz) ≥ f̃(y), ∀x, y, z ∈ T.

(4) f̃ is called an i-v fuzzy ideal of T if it is an i-v fuzzy left, fuzzy right and
fuzzy middle ideal of T , i.e. f̃(xyz) ≥ max{f̃(x), f̃(y), f̃(z)}, ∀x, y, z ∈
T.

Theorem 3.2. Let T be a ternary semigroup and A be a nonempty subset
of T . Then

(1) A is a left ideal of T if and only if f̃A is an i-v fuzzy left ideal of T .
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(2) A is a right ideal of T if and only if f̃A is an i-v fuzzy right ideal of T .

(3) A is a middle ideal of T if and only if f̃A is an i-v fuzzy middle ideal
of T .

(4) A is an ideal of T if and only if f̃A is an i-v fuzzy ideal of T .

Definition 3.3. Let f̃ be an i-v fuzzy subset of T . f̃ is called prime if

f̃(xyz) ≤ max{f̃(x), f̃(y), f̃(z)}, ∀x, y, z ∈ T .

Theorem 3.4. Let T be a ternary semigroup and A be a nonempty subset
of T . Then I is a prime subset of T if and only if f̃I is a prime i-v fuzzy
subset of T .

Corollary 3.5. Let T be a ternary semigroup and A be a nonempty subset
of T . Then

(1) A is a prime left ideal of T if and only if f̃A is a prime i-v fuzzy left
ideal of T .

(2) A is a prime right ideal of T if and only if f̃A is a prime i-v fuzzy right
ideal of T .

(3) A is a prime middle ideal of T if and only if f̃A is a prime i-v fuzzy
middle ideal of T .

(4) A is a prime ideal of T if and only if f̃A is a prime i-v fuzzy ideal of T .

Definition 3.6. An i-v fuzzy subset f̃ of T is called semiprime if f̃(a) ≥
f̃(a3), ∀a ∈ T.

Theorem 3.7. Let T be a ternary semigroup and A be a nonempty subset
of T . Then A is semiprime of T if and only if f̃A is a semiprime i-v fuzzy
subset of T .

Corollary 3.8. Let T be a ternary semigroup and A be a nonempty subset
of T . Then

(1) A is a semiprime left ideal of T if and only if f̃A is a semiprime i-v
fuzzy left ideal of T .
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(2) A is a semiprime right ideal of T if and only if f̃A is a semiprime i-v
fuzzy right ideal of T .

(3) A is a semiprime middle ideal of T if and only if f̃A is a semiprime i-v
fuzzy middle ideal of T .

(4) A is a semiprime ideal of T if and only if f̃A is a semiprime i-v fuzzy
ideal of T .

4 Interval valued fuzzy ideal extensions

Definition 4.1. Let T be a ternary semigroup, f̃ an i-v fuzzy subset of T
and x, y ∈ T . The i-v fuzzy subset < x, y, f̃ >: T −→ D[0, 1] defined by

< x, y, f̃ > (z) = f̃(xyz) for all z ∈ T

is called the extension of f̃ by (x, y).

Proposition 4.2. Let T be a commutative ternary semigroup. If f̃ is an i-v
fuzzy ideal of T and x, y ∈ T , then the extension of f̃ by (x, y) is an i-v fuzzy
ideal of T .

Proof. Let a, b, c ∈ T . Since T is commutative and f̃ is an i-v fuzzy left ideal
of T , < x, y, f̃ > (abc) = f̃(xy(abc)) = f̃(ab(xyc)) ≥ f̃(xyc) = < x, y, f̃ >
(c). Thus < x, y, f̃ > is an i-v fuzzy left ideal of T . Since f̃ is an i-v fuzzy
right ideal of T , < x, y, f̃ > (abc) = f̃(xy(abc)) = f̃((xya)bc) ≥ f̃(xya) =<
x, y, f̃ > (a). Thus < x, y, f̃ > is an i-v fuzzy right ideal of T . Since T is
commutative and f̃ is an i-v fuzzy middle ideal of T , < x, y, f̃ > (abc) =
f̃(xy(abc)) = f̃(a(xyb)c) ≥ f̃(xyb) =< x, y, f̃ > (b). Thus < x, y, f̃ > is an
i-v fuzzy middle ideal of T . Hence < x, y, f̃ > is an i-v fuzzy ideal of T .

If T is a ternary semigroup and f̃ is an i-v fuzzy subset of T , the support
of f̃ is defined by

suppf̃ := {x ∈ T |f̃(x) > [0, 0]}.

Proposition 4.3. Let T be a ternary semigroup, f̃ be an i-v fuzzy ideal of
T , x, y ∈ T . Then
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1. f̃ ⊆< x, y, f̃ >.

2. If T is commutative, then

< xn, yn, f̃ >⊆< xn+2, yn+2, f̃ >

for all odd positive integers n.

3. If f̃(x) > [0, 0], then supp < x, y, f̃ >= T .

Proof. (1) Let z ∈ T . Since f̃ is an i-v fuzzy ideal of T ,

< x, y, f̃ > (z) = f̃(xyz) ≥ f̃(z).

Thus f̃ ⊆< x, y, f̃ >.
(2) Assume T is commutative. Let n be an odd positive integer and z ∈ T .
Since f̃ is an i-v fuzzy ideal of T ,

< xn+2, yn+2, f̃ > (z) = f̃(xn+2yn+2z) = f̃(x(xy2)(xnynz)) ≥ f̃(xnynz)
=< xn, yn, f̃ > (z).

Thus < xn, yn, f̃ >⊆< xn+2, yn+2, f̃ >.
(3) Assume f̃ > [0, 0]. Clearly, supp < x, y, f̃ >⊆ T . Let z ∈ T . Since f̃ is
an i-v fuzzy ideal of T ,

< x, y, f̃ > (z) = f̃(xyz) ≥ f̃(x) > [0, 0].

So z ∈ supp < x, y, f̃ >. Thus supp < x, y, f̃ >= T .

Proposition 4.4. If f̃ is a prime i-v fuzzy ideal of a ternary semigroup T ,
then

< x, y, f̃ >=< x3, y3, f̃ > for all x, y ∈ T.

Proof. Let x, y, z ∈ T . Since f̃ is an i-v fuzzy ideal of T ,

< x, y, f̃ > (z) = f̃(xyz) ≥ max{f̃(x), f̃(y), f̃(z)}

and
< x3, y3, f̃ > (z) = f̃(x3y3z) ≥ max{f̃(x3), f̃(y3), f̃(z)}.

Since f̃ is prime,

< x, y, f̃ > (z) = f̃(xyz) ≤ max{f̃(x), f̃(y), f̃(z)}
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and

< x3, y3, f̃ > (z) = f̃(x3y3z) ≤ max{f̃(x3), f̃(y3), f̃(z)}.

Thus < x, y, f̃ > (z) = max{f̃(x), f̃(y), f̃(z)} and < x3, y3, f̃ > (z) =
max{f̃(x3), f̃(y3), f̃(z)}. Since f̃ is a prime i-v fuzzy ideal of T , f̃(x) =
f̃(x3), ∀x ∈ T . So

< x, y, f̃ > (z) = max{f̃(x), f̃(y), f̃(z)} = max{f̃(x3), f̃(y3), f̃(z)}
=< x3, y3, f̃ > (z).

Let T be a ternary semigroup, A ⊆ T and x, y ∈ T . We define

< x, y, A >:= {z ∈ T |xyz ∈ A}.

Proposition 4.5. Let f̃ be an i-v fuzzy subset of a ternary semigroup T and
A be a nonempty subset of T . Then

< x, y, f̃A >= f̃<x,y,A>

for all x, y ∈ T .

Proof. Let x, y, z ∈ T .
Case 1. xyz ∈ A. Then f̃A(xyz) = 1. Since xyz ∈ A, z ∈< x, y, A >. So
f̃<x,y,A>(z) = 1. Thus

< x, y, f̃A > (z) = f̃A(xyz) = 1 = f̃<x,y,A>(z).

Case 2. xyz /∈ A. Then f̃A(xyz) = 0. Since xyz /∈ A, z /∈< x, y, A >. So
f̃<x,y,A>(z) = 0. Thus

< x, y, f̃A > (z) = f̃A(xyz) = 0 = f̃<x,y,A>(z).

Hence < x, y, f̃A >= f̃<x,y,A>.

Theorem 4.6. Let T be a ternary semigroup. If f̃ is a prime i-v fuzzy ideal
of T and x, y ∈ T such that f̃(x) = f̃(y) = infa∈T f̃(a), then < x, y, f̃ >= f̃ .
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Proof. Let f̃ be a prime i-v fuzzy ideal of T and x, y ∈ T such that f̃(x) =
f̃(y) = infa∈T f̃(a). Suppose that < x, y, f̃ > (z) 6= f̃(z) for some z ∈
T . That is f̃(xyz) 6= f̃(z). Since f̃ is a prime i-v fuzzy ideal of T , <
x, y, f̃ > (z) = f̃(xyz) = max{f̃(x), f̃(y), f̃(z)}. Then f̃(xyz) = f̃(x) or
f̃(xyz) = f̃(y) or f̃(xyz) = f̃(z). Since f̃(xyz) 6= f̃(z), f̃(xyz) = f̃(x) or
f̃(xyz) = f̃(y).
Case 1. f̃(xyz) = f̃(x).By proposition 4.3(1), we knowf̃ ⊆< x, y, f̃ >.
Then f̃(z) ≤< x, y, f̃ > (z) = f̃(xyz) = f̃(x). Thus f̃(z) ≤ f̃(x). Since
f̃(x) = infa∈T f̃(a), f̃(x) ≤ f̃(z). So f̃(x) = f̃(z). That is f̃(xyz) = f̃(x) =
f̃(z), a contradiction.
Case 2. f̃(xyz) = f̃(y).By proposition 4.3(1), we havef̃ ⊆< x, y, f̃ >.
Then f̃(z) ≤< x, y, f̃ > (z) = f̃(xyz) = f̃(y). Thus f̃(z) ≤ f̃(y). Since
f̃(y) = infa∈T f̃(a), f̃(y) ≤ f̃(z). So f̃(y) = f̃(z). That is f̃(xyz) = f̃(y) =
f̃(z), a contradiction.
Hence < x, y, f̃ >= f̃ .

Theorem 4.7. Let f̃ be an i-v fuzzy ideal of a ternary semigroup T . Suppose
that for any x, y ∈ T such that f̃(x) and f̃(y) is not maximal in f̃(T ), we
have < x, y, f̃ >= f̃ . Then f̃ is prime.

Proof. Let x, y, z ∈ T . Since f̃ is an i-v fuzzy ideal,

f̃(xyz) ≥ f̃(x), f̃(xyz) ≥ f̃(y) and f̃(xyz) ≥ f̃(z).

Case 1. f̃(xyz) = f̃(x) or f̃(xyz) = f̃(y). Then

f̃(xyz) = max{f̃(x), f̃(y), f̃(z)}.

Case 2. f̃(xyz) 6= f̃(x) and f̃(xyz) 6= f̃(y). So f̃(x) and f̃(y) is not maximal
in f̃(T ). Then < x, y, f̃ >= f̃ . Thus < x, y, f̃ > (z) = f̃(z), this implies
that f̃(xyz) = f̃(z). Hence f̃(xyz) = max{f̃(x), f̃(y), f̃(z)}.

In both cases, therefore f̃ is prime.

Corollary 4.8. Let T be a ternary semigroup and I be an ideal of T . Then
I is prime if and only if for x, y ∈ T such that x, y /∈ I, < x, y, f̃I >= f̃I .

Proof. Let I be a prime ideal of T . Then f̃I is a prime i-v fuzzy ideal of
T . For x, y ∈ T such that x, y /∈ I, we have f̃I(x) = 0 = infz∈T f̃I(z) and
f̃I(y) = 0 = infz∈T f̃I(z). By Theorem 4.6, < x, y, f̃I >= f̃I . Conversely, let
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I be an ideal of T . Then f̃I is an i-v fuzzy ideal of T . Let x, y ∈ T such
that f̃I(x) and f̃I(y) is not maximal in f̃I(T ). Thus f̃I(x) = f̃I(y) = 0, this
implies x, y /∈ I. Then < x, y, f̃I >= f̃I . By Theorem 4.7 and Corollary 3.5,
I is prime.

Theorem 4.9. Let T be a commutative ternary semigroup and f̃ be an i-
v fuzzy subset of T such that < x, y, f̃ >= f̃ for all x, y ∈ T . Then f̃ is
constant.

Proof. Let x, y, z ∈ T . Then

f̃(y) =< x, z, f̃ > (y) = f̃(xzy) = f̃(xyz)

and

f̃(z) =< x, y, f̃ > (z) = f̃(xyz)

So f̃(y) = f̃(z). Hence f̃ is constant.

Proposition 4.10. Let T be a ternary semigroup and f̃ be a prime i-v fuzzy
ideal of T . Then < x, y, f̃ > is a prime i-v fuzzy ideal of T for all x, y ∈ T .

Proof. Let x, y ∈ T and a, b, c ∈ T . Since f̃ is a prime i-v fuzzy ideal of T ,

< x, y, f̃ > (abc) = f̃(xyabc)

= max{f̃(xya), f̃(b), f̃(c)}

= max{max{f̃(x), f̃(y), f̃(a)}, f̃(b), f̃(c)}

= max{f̃(x), f̃(y), f̃(a), f̃(b), f̃(c)}

= max{f̃(xya), f̃(xyb), f̃(xyc)}

= max{< x, y, f̃ > (a), < x, y, f̃ > (b), < x, y, f̃ > (c)}

Thus < x, y, f̃ > is a prime i-v fuzzy ideal of T .

Proposition 4.11. Let T be a commutative ternary semigroup and f̃ be a
semiprime i-v fuzzy ideal if T . Then < x, y, f̃ > is a semiprime i-v fuzzy
ideal of T for all x, y ∈ T .
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Proof. Let x, y ∈ T . Since f̃ is an i-v fuzzy ideal of T , by Proposition 4.2,
< x, y, f̃ > is an i-v fuzzy ideal of T . Let a ∈ T . Since f̃ is a semiprime i-v
fuzzy ideal of T , we have

< x, y, f̃ > (a) = f̃(xya) ≥ f̃((xya)3) = f̃(x(xy2)(xya3)) ≥ f̃(xya3) =
< x, y, f̃ > (a3).

Thus < x, y, f̃ > is a semiprime i-v fuzzy ideal of T .

Corollary 4.12. Let T be a commutative ternary semigroup, {f̃i}i∈I a nonempty
family of a semiprime i-v fuzzy ideal of T and f̃ = inf{f̃i|i ∈ I}. Then for
any x, y ∈ T,< x, y, f̃ > is a semiprime i-v fuzzy ideal of T .

Proof. Let x, y, z ∈ T . Since f̃i is an i-v fuzzy ideal of T , we have

f̃(xyz) = inf{f̃i|i ∈ I}(xyz)

= inf{f̃i(xyz)|i ∈ I}

≥ inf{max{f̃i(x), f̃i(y), f̃i(z)}|i ∈ I}

≥ max{inf{f̃i(x)|i ∈ I}, inf{f̃i(y)|i ∈ I}, inf{f̃i(z)|i ∈ I}}

= max{f̃(x), f̃(y), f̃(z)}.

Then f̃ is an i-v fuzzy ideal of T . Let a ∈ T . Since f̃i is semiprime for all
i ∈ I, we have

f̃(a) = inf{f̃i|i ∈ I}(a)

= inf{f̃i(a)|i ∈ I}

≥ inf{f̃i(a
3)|i ∈ I}

= inf{f̃i|i ∈ I}(a3)

= f̃(a3).

Then f̃ is semiprime. Thus f̃ is a semiprime i-v fuzzy ideal of T . By Propo-
sition 4.11, < x, y, f̃ > is a semiprime i-v fuzzy ideal of T .

Corollary 4.13. Let T be a commutative ternary semigroup, {P̃i}i∈I be a
nonempty family of semiprime ideals of T and let A =

⋂

i∈I Pi 6= ∅. Then

< x, y, f̃A > is a semiprime ideal of T for all x, y ∈ T .
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Proof. Let x, y ∈ T . Since Pi is a semiprime ideal of T for all i ∈ I, A =
⋂

i∈I Pi is a semiprime ideal of T . Thus f̃A is a semiprime i-v fuzzy ideal of

T . Thus by Proposition 4.11, < x, y, f̃A > is a semiprime i-v fuzzy ideal of
T .

Corollary 4.14. Let T be a commutative ternary semigroup and f̃ be a
prime i-v fuzzy ideals of T . If f̃ is not constant, then f̃ is not a maximal
prime i-v fuzzy ideal of T .

Proof. Let f̃ be a prime i-v fuzzy ideals of T . Then for all x, y ∈ T ,
< x, y, f̃ > is a prime i-v fuzzy ideal of T . By Proposition 4.3, we know
f̃ ⊆< x, y, f̃ > for all x, y ∈ T . If for all x, y ∈ T,< x, y, f̃ >= f̃ , this
implies f̃ is constant. Then there exist x, y ∈ T such that f̃ 6=< x, y, f̃ >.
Hence f̃ is not a maximal prime i-v fuzzy ideal of T .
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